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 أ. غالب شخير عبد عاكول

 المعيد العالي لإعداد المعممين بزليتن
 

مــــن الق ــــاوق المعرواــــة اــــي ىــــنا الموعــــوا ىــــي المبرىنــــة المتعم ــــة بــــال يم الناتيــــة      
(eigen valuesلممـورر  ) T   قيـ( HBT ,H  ىـو اعـاه ىمبـر (, والتـي

 تنص عمى ان :
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 W(T)ىي مجموعة جزويـة مـن المـدى العـددي  Tلممؤرر  ال يم الناتية  مجموعة
 .  IλI= װ т װ, وان العكس يكون صقيقا بشرط إن Tلممورر 

 إن بعض النتاوج التي قصمنا عمييا اي ىنا البق  ىي: 
  تعميم المبرىنة أعلاه لمقالو العامةn-tuple   وليس ا ط لفعاه ىمبـر

بــــل لجميــــا الفعــــاها  نا  شــــبو الجــــداه الــــدا مي , مــــا شــــرط  اقســــ 
 عروري لمعكس . 

  الطيــف الن طــوي الت ريبــي T لممــوررT  يكــون مجموعــة جزويــة مــن
الانغلاق  TW . لممدى العددي 

   تعمــــيم المبرىنــــة المعرواــــة والتــــي تــــنص عمــــى ان TW  T  
 HBT  لمقالة العامةn-tuple .  بالنسبة لفعاه ىمبر 

 . تعميم المبرىنة اعلاه اي قالة الفعاه شبو الجداه الدا مي 

 ( تعميم المبرىنةLumer : والتي تنص عمى ان ) 

               HBT    , T  TW װ т װ =
IλI   :  لمقالة العامةn-tuple . وبعض النتاوج الأ رى 
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Abstract 
P.R. Halmos  [3] has proved that . for any bounded operator T 

an a Hilbert space H ,every eigen value  of T is in the numerical 

range W(T) , and the converse is true if 

lλI=װТ  .   װ

In this paper we generalize the above result to the case of   n–

tuples of the operators on any normed linear space  

(semi-inner product space) with some necessary condition for 

the converse . Further , we improve a theorem of lumer [5] which 

asserts that : the approximate point spectrum  (T) of 

)X(BT ,where X is any normed space is contained in 

)T(W where dash is denotes closure. We find a necessary 

condition to have  )T( )T(W  ,and we discuss theorem of 

lumer , for normal operators.From our improvement , we will 

deduce the well-known theorem for )H(BT , that 

 )T( )T(W (since W(T) is already convex [5].)  

Also we generalize the above theorem [5] to the case of                             

n-tuples of operator on X 

Finally , we generalize the theorem [5] , which says that 

: :c  lλI=װТ   װ  )T(W    (T) , T )X(B , when 

sphere of X is uniformly convex , to the case of n-tuples of 

operators on X  . 

 

 Notations 

In what follows , H denote a Hilbert space , and T any operator 

on H (bounded linear transformation T:HH).  

The numerical range W(T) of T )H(B is defined as : 

W(T) = <Tx,x>:װx1=װ,x H  

Which it is convex due to toepliz-Hausdorff theorem [2] , we 

also have   )T( )T(W , where )T( denotes spectrum of T . 

The notation )T( denotes the point spectrum of T , which 

consists of the set point spectrum of T , which defined  as : 
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 :that  such H in vectorsunit  ofx aseq :C)T( n  

ii(T- I)  nx װ    n as 
 }= set of approximate eigen 

values of T .  

In 1960 , G. lumer [5] has defined the semi-inner product 

(s.i.p)on X*X, when X is any complex (real) vector space , as a 

complex (real) valued function 

, [  , ] ; X*X 


C(or R) satisfying : 

[ x+y,z] = [ x,z]+[y,z ], 
Xz,y,x 

 

    xyx,,scalor ,y,xy,x 
            

2-
0[x.x] then0,x if 

 

3-[x,y]l
2

≤[x,x].[y,y] 

Lumer [5] has shown that [x,x] = װxװ
2
 defined anorm on X , 

and if H is a  Hilbert space then :  

[x,y] = <x,y> , x, y H  

i.e   <  ,  > is the unique s.i.p. defined on H .  

Further , it is proved [5] that every normed linear space can be 

made into a s. i. p. in infinity many ways .  

For )X(BT , where X is a s.i.p. the numerical range W(T) 

of T is defined by : W(T) =   :x.Tx x,1=װxװ X Which isn’t 

always convex and is not connected [5] .  

For an n-tuple A=(A1,A2,…..An)of operatoron H , the joint 

numerical range W(A) is defined by : 

  :x,xA....x,xA,x,xA)A(W n21   

x,1=װxװ X  

which isn’t always convex [4]and [1] by taking the counter 

example that H =C
2
 and that  

 











00

01
A1 ,  










01

00
A2 ,A=(A1,A2)then 

(0,0),(1,0) Wbut(1/2,0)),A(W  (A) 
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 For an n-tuple A=(A1,A2,….An)of operators on H ,a point  

),..,( n21  in c
n
  is called a joint eigen value 

  A  

if  a unit vector x in H such that :  

    .n...2,1i,xxA ii   

A point ).....,( n21  in c
n
 is called a joint approximate 

eigen value ( )A( )if  a seq (xk)of unit vectors in H sugh 

that : 

  .as k→∞, for i=1,2,….n ס→װxk (iIג-Ai)װ 

The joint numerical range W(A)of A=(A1,A2,…An) of 

operators on X is defined as : 

W(A)= {([A1 x,x],[A2 x,x],….[An x,x]); װx1=װ, Xx } 

Now we will give our main results obtained in this paper in 

three sections , section 1 gives a generalization for theorem of 

Halmos concerning eigen values of T on H . In section 2 we 

improve a theorem lumer [5] with an application for normal 

operators on X. Also we generalize the above theorem to the case 

of n-tuples of operators on X . In section 3 we generalize another 

theorem [5] .  

 

 Main Results  

      

  Section 1: 

P.R. Halmos [2] has proved ;the following theorem,  for the 

case of Hilbert spaces . 

 

Theorem A [2]   

for any TB(H) , we have  

1) T(W)T(  ) . 

2)if )T(W withוλװ= וТװ then  λ )T( . 

We have proved the analogous case for part (1)of the above 

theorem for any n-tuple of operators on a s.i.p.s. X. Also we 

prove the analogous case for part (2) of the above theorem for n-

tuples under the necessary condition that : when Schwartz 
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inequality become an equation , the vectors will be linearly 

dependent .  

 

Theorem 1 : 

Let X be a s.i.p.s , & let A=(A1,A2, …An)be an n-tuple of 

operator on X then :  

1).. )()( AWA  . 

2)..if ),..,( n1   & ıλiı=װAiװ, with the property that  

I[x,y]I=װxװ.װyװ→x&y are linearly dependent . then:     

)A( . 

 

Proof  

suppose that ),..,( n21  is a joint eigen value of A. 

Hence x   in     sphere of X , such that : 

Ai(x)=λi(x). for i=1,2,….n 

Now ,for each  i=1,2,..n we have  

λi =λi.װ xװ
2
 =λi .[x,x]=[λi.х,х]=[Ai(x),x] 

i.e                λW(A). and therefore )A(W)A(   

(2)suppose that ),..,( n21  )A(W such that ıλiι 

  : and X has the property thatװAiװ=

I[x.y]I=װxװ.װyװ→x & y are linearly dependent .  

Now , since x  ),A(W a unit vector x in Xsuch that : 

λi=[Aix,x]. i=1,2,..n  

xװ.װAi(x)װΙλiΙ=Ι[Aix, x]Ι=װAiװ װװ Aiװ.װxװ
2
 װAiװ=

 װxװ.װ Ai(x)װ=[Ai(x), x]׀

therefore Ai(x) and x are linearly dependent. 

i.e Ai(x)=βi(x). for some scalar βi :i=1,2,..n 

Now ,we have : 

Βi= βi[x, x]=[βi(x), x]=[Ai(x),x]=λi, i=1,2,..n 

Thus we conclude λ is a joint eigen value of the n-tuple A, 

which completes the proof of the theorem . 
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Section 2:  

In this section , we will give theorem B of lumer [5] . we will 

discuss this theorem , for normal operators and improve it by 

proving theorem 2  which says that the spectrum )T( is 

contained in the convex hull conh )T(W of the closure of W(T), 

while in theorem 3 we find a necessary condition for the 

implication that )T(W)T(  .The improvement happen 

because )T()T(  (see theorem 31.1 in [3]). 

From theorem 3 .We conclude a well-known fact about the 

Hilbert space operators [2] that )T(W)T(  , )H(BT as an 

easy corollary by using the Teoplitz-Hausdorff theorem for the 

convexity of W(T). 

 

Theorem  B: [5] 

Let T be any bounded operator on s.i.p.  X ,then 

)T(W)T(   

In particular   )T(W)T(  , where   denotes boundary, 

and )T(  denotes spectrum. 

 

Corollary 

If T is a normal operator on a s.i.p.s X, then )T(W)T(   

 

Proof  

Suppose that T is a normal operator , according to theorem 

31.1   [3] ,we have )T()T(   

From theorem B , we get )T(W)T(   

 

Theorem 2 

Let T be any operator on a s.i.p. X, then :  

))T(W(Conh)T(    where conh denotes the convex hull . 
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    Proof : 

Suppose that )T( and suppose that the line L passing 

through   intersect ))T((  at 2 1 and . Applying theorem 

66.B[5] we get that 2 1 and  are in )T(  

According to theorem B (above) we get that 2 1 and are in 

)T(W  and therefore in Conh )T(W . 

But  Line segment Joining 2 1 and , with the fact that 

Conh )T(W is convex , we get :   Conh )T(W , which 

competes the proof .  

 

Theorem 3 : 

Let T be any operator on  s.i.p.s X ; if )T( is convex then                  

)T(W)T(  . 

 

Proof :  

From theorem 3 , we have : ))T(W(Conh)T(  …….(1) 

But )T(W is convex , & Conh )T(W  is the smallest convex 

set containing  )T(W , therefore we will get  

                )T(W    =  Conh )T(W  ……..(2) 

From (1)&(2) we get : )T(W)T(  ,and hence the theorem 

is proved . 

  

Corollary :  

Let T be any operator on H , then  )T(W)T(   

 

Proof : 

By using Theorem 2 we get that  

))T(W(Conh)T(  …….(1)     Now according to Teopliz-
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Hausdorff theorem we get that  )T(W is    convex ,and it can be 

easily shown that )T(W is also convex .  

i.e                 )T(W    =  Conh )T(W  ……..(2) 

From (1)&(2)we get )T(W)T(  which completes the 

proof. 

  

Theorem 4  

Let X be a s.i.p.s. and A=(A1,A2,...An)be an n-tuple of     

operator on X , then    

                                    )A(W)A(    

Proof: 

Suppose that λ=(λ1,λ2,..λn) )A( we get  KXaseq of unit 

vectors in x such that : װ( Ai –λi I)xK0→װ as k→∞  for 

i=1,2,3,…n.  

l [Ai(xk),xk)-λiІ=І[(Ai-λiI)xk,xk]≤І(Ai-λi)xkΙװ xkװ=װ(Ai-

λiI)xk0→װ as n→∞ 

І [Ai(xk),xk]-λi І →0 as k→∞ 

I([A1(xk),xk],[A2(xk),xk],…[An(xk),xk]) - (λ1,λ2,..λn)І= 

=І([A1(xk),xk] –λ1,[A2(xk),(xk)] –λ2,…,[An(xk),xk)-λn)Ι 

= [ 

n

1I
Ι[Ai(xk),xk]-λiΙ

2 
]

1/2
   

But , l [Ai(xk), xk]-λiΙ→0 as k→∞. i=1,2,..n 

Concluding  

                [ 

n

1I
Ι[Ai(xk),xk]-λiІ

2 
]

1/2
 →0 as k→∞ 

This means that ,as k→∞ , we have  

 І ([A1(xk),xk],[A2(xk),xk],…[An(xk),xk])   -    (λ1,λ2,..λn)   І--→0 

Thus {([Ai(xk),xk] ,[A2(xk), xk],….,[An(xk),xk])}→   as k→∞ 

Thus (λ1,λ2,…λn) )A(W . 

  

Section 3 

 In this section we will give below theorem C of Lumer [5]. 

We generalize this result to the case of n- tuples of operators on a 

semi-inner product space .  
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Theorem C[5] 

Let X be a s.i.p.s such that the unit sphere in the induced norm 

is uniformly convex. Let T be an operator on X. Then  

  )T())T(()T(WT:C   

 

Theorem 5 
Let X be a s.i.p.s such that the unit sphere in the induced norm 

is uniformly convex . Let A =(A1, A2,…An) be an n–tuple of 

operators     on X ,Then :  

{λ=(λ1,λ2,…,λn)c
n
 :lλiІ=װAiװ} (A) )T(W   

Proof : 
Suppose without loss of generality that : 

 and λi=1,1=װAiװ                      

i.e    λ=(1,1,…1) 

Since λW(A), a sequence {xk}of unit vector in X such that :  

     { ([A1(xk),xk)],[A2(xk), xk)],….[(An(xk),xk) ]) }→0 as k→∞ 

Now ([
2

)X(AX K1K 
,xk],[ 

2

)X(AX K2K 
, xk],….[ 

2

)X(AX KnK 
,xk])= 

=1/2[xk,xk],[xk,xk],…[xk,xk])+1/2([A1(xk),xk],…[An(xk),xk]) 

=1/2(1,1,….,1)+1/2([A1(xk),xk],[A2(xk),xk],…[An(xk),xk]) 

    TO  CONVERAES 1/2(1,1,…1)+1/2(1,1,…1)=(1,1,….,1)=λ 

Therefore we get  

{([
2

)x(Ax K1K 
,xk],[ 

2

)x(Ax K2K 
, xk],….[ 

2

)x(Ax KnK 
,xk])} converges to the point λ=(1,1,….1) 

i.e Ι([
2

)x(Ax K1K 
,xk],[ 

2

)x(Ax K2K 
, xk],….[ 

2

)x(Ax KnK 
,xk])-(1,1…,1)І converge to 0, 

i.e as    k→∞  we get  
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 0 Ι[
2

)x(Ax KiK 
,xk]-1І K

N

1I

KiK x,
2

)x(Ax
(



 ]-1І

2
)

1/2
 

Thus ,for    i=1,2,…n  as k→∞  we get  

Ι[
2

)x(Ax KiK 
,xk]-1І→0 

i.e as k→∞  , we have [
2

)x(Ax KiK 
,xk]-1→0 

Therefore ,for   i=1,2,…,n  we get  

[
2

)x(Ax KiK 
,xk] →1 as k→∞  

But  

[
2

)x(Ax KiK 
,xk] Ι[

2

)x(Ax KiK 
,xk] ІІ

2

)x(Ax KiK 
ІІ.Іx

kІІ 

1/2([ІІxkІІ+ІІAi ІІ. ІІxK ІІ).1) =1/2(1+1)=1 

i.e  [
2

)x(Ax KiK 
,xk]  ІІ

2

)x(Ax KiK 
,xk ІІ1 

But , [
2

)x(Ax KiK 
,xk] →1  as k→∞  

Thus ІІ
2

)X(AX KiK 
 ІІ→1 as k→∞ 

But the unit sphere of X is uniformly convex ,  

ІІxk-Ai(xk) ІІ→0 as k→∞ 

i.e ІІ (I-Ai)xK ІІ→0  as k→∞ 

i.e  (1,1,…,1) is in )A(W  

 

REFERENCES: 

 

1: A.T. Dash – Joint numerical range . Glasnik Math. Tom: 

      (27). No(1). 1962 , 75…81 

2:P.R. Halmos .Hilbert space problem book .Van –Nostrand 

1974  



SOME RESULTS ON THE GOINT NUMERICAL  RANGE            Galeb  Shkheier                               ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ  بعض النتاوج اي المدى العددي المشترك                               
 

 
770 

3: P. R.Halmos. Introduction to Hilbert space and the theory of 

spectral multiplicity . New York , 1963  

4:P. Jungea . Contribution to the theory of several Hilbert 

space operators . Ph. D. thesis ,University of Delhi .1977 

5:G .Lumer . Semi-inner product spaces . Transcations 

Amer.Math, Soc. 100, 1961. 29-43 

6:G.F.Simmon , Introduction to Topology and Modern 

Analysis . New York, 1963 .  

 

 


