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Abstract

P.R. Halmos [3] has proved that . for any bounded operator T
an a Hilbert space H ,every eigen value A of T is in the numerical
range W(T) , and the converse is true if

IA=nT n.

In this paper we generalize the above result to the case of n—
tuples of the operators on any normed linear space

(semi-inner product space) with some necessary condition for
the converse . Further , we improve a theorem of lumer [5] which
asserts that : the approximate point spectrum I1(T) of
T e B(X) ,where X is any normed space is contained in

W(T)where dash is denotes closure. We find a necessary

condition to have o(T) < W(T) ,and we discuss theorem of
lumer , for normal operators.From our improvement , we will
deduce the well-known theorem for T € B(H), that
o(T) < W(T) (since W(T) is already convex [5].)

Also we generalize the above theorem [5] to the case of

n-tuples of operator on X
Finally , we generalize the theorem [5] , which says that

{Lec: =nTN } » W(T) < TI(T), Te B(X), when
sphere of X is uniformly convex , to the case of n-tuples of
operators on X .

Notations

In what follows , H denote a Hilbert space , and T any operator
on H (bounded linear transformation T:H —H).

The numerical range W(T) of Te B(H) is defined as :

W(T) ={ <Txx>mn=1xeH }

Which it is convex due to toepliz-Hausdorff theorem [2] , we
also have o(T) < W(T), where o(T)denotes spectrum of T .
The notation IT_(T) denotes the point spectrum of T, which
consists of the set point spectrum of T, which defined as :
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TI(T) = {, € C:Jaseq{x, Jof unit vectorsin Hsuchthat:

H(T-2)n X, —08SN —>0 1 oot of anproximate eigen

values of T .

In 1960, G. lumer [5] has defined the semi-inner product
(s.i.p)on X*X, when X is any complex (real) vector space , as a
complex (real) valued function

.1 XX _)C(or R) satisfying :

[x+y.z] = [xz}+ly.z], VXY 2€X

[ax,y]=alx,y] Vascalor,x,y e x

5.1f x 3 0,then[x.x]> 0

3-Ixyl* <[xx].[y.y]

Lumer [5] has shown that [x,x] = vxn? defined anorm on X ,
and if H is a Hilbert space then :

[x,y] =<x,y>, Vx,y e H

l.e <, >istheunique s.i.p. defined on H .

Further , it is proved [5] that every normed linear space can be
made into a s. i. p. in infinity many ways .

For T € B(X), where X is a s.i.p. the numerical range W(T)
of T is defined by : W(T) = {{Tx.x]:mxn=1,xe X }Which isn’t
always convex and is not connected [5] .

For an n-tuple A=(A,A,,.....A,)of operatoron H , the joint
numerical range W(A) is defined by :

W(A) =< A X, X >, < A%, X> ... < A X X>):
mwn=1,xe X }

which isn’t always convex [4]and [1] by taking the counter
example that H =C? and that

A—1 0 A—O OA—(AA)then
"o o)) "27\1 o) VM

(0,0),(1,0)e W(A),but(1/2,0) & W (A)
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For an n-tuple A=(A(,A,,....A,)of operators on H ,a point
A=(Ay,A,,.A,)inc" is called a joint eigen value

(A eTI(A))
if 3a unit vector x in H such that :
A;(x)=2,(x), i=12..n.

Apoint A =(A;,A,....A,)inc"is called a joint approximate
eigen value (A e IT(A))if 3a seq (x,)of unit vectors in H sugh

that :
N(Ai-3l) XM—0 as k—oo, for i=1,2,....n.

The joint numerical range W(A)of A=(A,A,,...A,) of
operators on X is defined as :

W(A)= {([A1 X,X],[A2 x,X],....[As X,X]); "xn=1,X € X}

Now we will give our main results obtained in this paper in
three sections , section 1 gives a generalization for theorem of
Halmos concerning eigen values of T on H . In section 2 we
improve a theorem lumer [5] with an application for normal
operators on X. Also we generalize the above theorem to the case
of n-tuples of operators on X . In section 3 we generalize another
theorem [5] .

Main Results

Section 1:
P.R. Halmos [2] has proved ;the following theorem, for the
case of Hilbert spaces .

Theorem A [2]

for any TeB(H) , we have

DIL,(T) e W(T).

2)if A € W(T)withay =nTn then AeII (T).

We have proved the analogous case for part (1)of the above
theorem for any n-tuple of operators on a s.i.p.s. X. Also we
prove the analogous case for part (2) of the above theorem for n-
tuples under the necessary condition that : when Schwartz
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inequality become an equation , the vectors will be linearly
dependent .

Theorem 1 :

Let X be as.i.p.s, & let A=(A1,A,, ...Ay)be an n-tuple of
operator on X then :

1)..T1,(A) cW(A).

2).if A=(A;,A ,.A,) & 1hi=nAm, with the property that

X y]I=xn.yn—x&y are linearly dependent . then:
Aell (A).

Proof
suppose that A = (A,,A,,.A)is ajoint eigen value of A.

Hence 3 xin sphere of X, such that :

Ai(x)=Ai(x). fori=1,2,....n

Now ,for each i=1,2,..n we have

A =k xn? =2 [ x]=hx, x]1=[A(X),X]

ie Le W(A). and therefore II_(A) = W(A)

(2)suppose that A = (A, A,,.A,) € W(A)such that it
=nAjmand X has the property that :

Ix.y]I=mxn.myn—x & y are linearly dependent .

Now , since xe W/(A),3a unit vector x in Xsuch that :

Ai=[AiX,x]. 1=1,2,..n

NAN=ILMIZI[AX, XTI DA ON.IXN < NANIXNZ=NAN

ILAI(X), X]=1A(X) 11.1X1

therefore A;j(x) and x are linearly dependent.

i.e Ai(X)=Pi(x). for some scalar B;:i=1,2,..n

Now ,we have :

Bi= Bilx, X]=[Bi(X). X]=[Ai(X) X]=Ai, 1=1,2,..n

Thus we conclude A is a joint eigen value of the n-tuple A,
which completes the proof of the theorem .
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Section 2:
In this section , we will give theorem B of lumer [5] . we will

discuss this theorem , for normal operators and improve it by
proving theorem 2 which says that the spectrum o(T)is
contained in the convex hull conh Wof the closure of W(T),
while in theorem 3 we find a necessary condition for the
implication that o(T) < W(T).The improvement happen
because IT(T) c o(T) (see theorem 31.1 in [3]).

From theorem 3 .We conclude a well-known fact about the
Hilbert space operators [2] that o(T) = W(T), T € B(H)as an
easy corollary by using the Teoplitz-Hausdorff theorem for the
convexity of W(T).

Theorem B: [5]
Let T be any bounded operator on s.i.p. X ,then

o(T) = W(T)
In particular 6(0'(T))g W(T), where 0 denotes boundary,
and o(T) denotes spectrum.

Corollary
If T is a normal operator on as.i.p.s X, then o(T)<c W(T)

Proof
Suppose that T is a normal operator , according to theorem

31.1 [3] ,we have o(T)=TI(T)
From theorem B , we get o(T) < W(T)

Theorem 2
Let T be any operator on as.i.p. X, then :

o(T) = Conh(W(T))_where conh denotes the convex hull .
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Proof :
Suppose that A € o(T) and suppose that the line L passing

through A intersect 8(o(T)) at A, andA, . Applying theorem
66.B[5] we get that A, andA., are in II(T)

According to theorem B (above) we get that A, andA., are in
W(T) and therefore in ConhW(T).

But A eLine segment Joining A, andA ,,, with the fact that
Conhm is convex , we get: A € Conhm , Which
competes the proof .

Theorem 3 :
Let T be any operator on a.s.i.p.s X ; if IT(T) is convex then

o(T)cW(T).

Proof :
From theorem 3, we have : o(T) = Conh(W(T))....... (1)

But W(T)is convex , & Conh W(T) is the smallest convex
set containing W(T), therefore we will get
W(T) = Conh W(T) ........ )

From (1)&(2) we get : o(T) < W(T) ,and hence the theorem
is proved .

Corollary :
Let T be any operator on H , then o(T) < W(T)

Proof :
By using Theorem 2 we get that

o(T) < Conh(W(T))....... (1) Now according to Teopliz-
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Hausdorff theorem we get that W(T)is convex ,and it can be
easily shown that W(T)is also convex .
ie W(T) = Conh W(T) ........ )

From (1)&(2)we get o(T) < W(T)which completes the
proof.

Theorem 4
Let X be as.i.p.s. and A=(A1,A,,...A,)be an n-tuple of
operator on X, then

II(A) s W(A)
Proof:
Suppose that A=(A1,A;,..A,) € TT(A)we get Elaseq{XK }of unit
vectors in x such that :m(A; —A; )xk1—0 as k—o0 for
i=1,2,3,...n.

| [Ai(Xk),Xk)-XiI:I[(Ai-ki|)Xk,Xk]§I(Ai-7\,i)XkIﬂ Xkﬂ:ﬂ(Ai-
Ail)x—0 as n—o0

I [Ai(Xk),Xk]')\.iI —0 as k—o0

T(LAL %) Xl [A2 (%) Xkl - - TARXK) Xi]) = (MaAz, . An)I=

=I([AL(XK) Xk] A1, [A2 (%), (XK T D2, - - [An(Xi) Xie)-An)]

=3 TA)X]-MIP 1Y

But, | [Ai(Xk), Xk]-ki1—>0 as k—oo. i=1,2,..n

Concluding

[>7 IAX) XM T —0 as k—o

This means that ,as k—oo , we have

I ([AL() %] [A20) Xk, - - [An(Ki) Xk]) - (Aeda,edy) 1--—0

Thus {([Ai(Xik).Xi] J[A2(Xi), Xkl - - [An(Xi) X} — A as k—oo

Thus (7\,1,7\,2,. . kn) € W(A) .

Section 3
In this section we will give below theorem C of Lumer [5].

We generalize this result to the case of n- tuples of operators on a
semi-inner product space .
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Theorem CJ5]
Let X be a s.i.p.s such that the unit sphere in the induced norm
is uniformly convex. Let T be an operator on X. Then

foeC: M =[T|}n W(T) c8(s(T)) < TI(T)

Theorem 5

Let X be a s.i.p.s such that the unit sphere in the induced norm
is uniformly convex . Let A =(A, A,,...A,) be an n-tuple of
operators on X ,Then:

D=\ 0, ) e AINIENANIN W(T) < TI(A)
Proof :
Suppose without loss of generality that :
NAN=1,and A;=1
i.e A=(1,1,...1)
Since Ae W(A), 3 a sequence {x,}of unit vector in X such that :
{ ([AL(%) X)L IA2(XK), X1, - [(An(Xk) Xk) 1) }—0 as k—o0

Now ([M,xk],[ %AXK) Xl
Xk +'°2~n(XK) )=

=12[%, Xk DXk X - - - [XkXiad) + L2 ([AL(X0) X - - - [ An(Xi) Xk])
=1/2(1,1,....,DF1/2([A10%) Xk [A2(Xk) Xi], - - - [An(Xi) Xi])

COWERAESTO 1 /0(1 1, 1)+1/2(1,1,...1)=(1,1,....,1)=A
Therefore we get

X + A (X Xk + A, (X
(A g Xt A
2 2
X AZ\” (%) X])} converges to the point A=(1,1,....1)
i e I([XK +A;(Xk) [ Xk + Az (Xk) X
2 2
X '2” (Xi) X)-(1,1...,1)I converge to 0,
l.eas k—o we get
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Xk + A (Xk) & X+ A (Xg)

PABIESHY
1=1

Thus ,for i=1,2,...n as k—ow we get

O<I[

’ XK ]_112)1/2

,Xk]-11—>0

Xy +A;(Xg)

i.e as k—oo , we have [ Xi]-1—0

Therefore ,for i=1,2,...,n we get
[XK + Ai (XK)

2
But
Xk + A (Xk)
2

Xi] —1 as k—oo

X + A (Xk) X + A (Xk)

[

II

< U2(MIXIHIA, TI. Tixe D). 1) =1/2(1+1)=1

Xy +Ai(Xk) Xy +Ai(Xk)
2

X +Ai(Xk)

Xl <I[ IL.Ix

,Xk] <II

I.e [ Xi] <10 X [I<1

But, [ Xq] =1 as k—o

Xy +Ai(Xg)

Thus 1T II—1 as k—o

But the unit sphere of X is uniformly convex
HXk-Ai(Xk) II—0 as k—o
e IT (I-Aj))xk I—-0 as k—oo

ie (1,1,...,1)is in W(A)
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