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Abstract

In this paper we shall study some properties of spiralike and Robertson
functions of order « . Also, subordination results and integral means for
generalized Sakaguchi type functions of complex order.
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1. Introduction

Let A denote the class of the functions of the form :
f(z)=2+>az", (1.1)
k=2
which are analytic and univalent in the open unit disc U ={z : |z|<1}. Let

f A be given by (1.1) and g (Z ) be given by

g(z)=z+>hz", (1.2)
k=2
and let T denote the subclass of A whose elements can be expressed in the
form:
f(z)=2->az" (a =0) (1.3)
k =2

Definition 1 (Hadamard product or convolution). Let a function f defined by (1.1)
and 9 defined by (1.2), the Hadamard product (or convolution)

( f =g)is defined by
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(F+0)e)=2+ Yab2' =(g+)o)

Definition 2 [9]. A function f (z)eA isin S*(«), the class of
4 -spirallike functions of order o ( 0<a <1|4|<%), if and only if

L 21'(2)
Rede'  —~21>qcosd (z €U).
{ f (Z) } ( ) (1.4)

We note that : S*(0)=S ", the class of 2 -spirallike functions was introduced
by Spacek [25] and S°(0) =S " (see Silverman [19]). Further, a function f (z)eA is
said to be in the class C *(«), the class of 1 - Robertson functions of order ¢, if
and only if

Re{e”(n fo ,"((ZZ))J} >acosA (zeU). (1.5)

We note that C“(0) =C*, the class of functions f (z),for which zf 'z) is

A -spirallike in U introduced by Robertson [17] and the class C *(«) was
introduced and studied by Chichra [3] and Sizuk [24] and C°(a) =K (a) were first

introduced by Robertson [17].
We note that :

f(z)eC’(a) < if '(Z)esl(a).
We denote by K the class of all convex functions (see Silverman [19]).
Also, Let O denote to the class of bounded analytic functions »(z) in U and
satisfying the conditions: »(0)=0 and |w(z)|<|z| for z €U,

Definition 3 [14] (Subordination Principle). For two functions f (z) and F(z),
analytic in U ,we say that f (z)is subordinate to F(z), written symbolically as
follows:

f <FinU orf(z)<F(z) (z eV),
if there exists a Schwarz function o(z) € @, which (by definition) is analytic in
U with
«(0) =0 and |a)(z )| <1l(z €U)
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such that
f(z)=F(w(z2))(z €V).

Indeed it is known that
f(z)<F(z)z eU)= f (0)=F(0)andf U)c=FU).

In particular, if the function F(z)is univalent in U,we have the following

equivalence
f(z)<F@Z)zeU)= f(0)=F(0)andf U)cFU).

An analytic function f (z) e A is said to be in the generalized Sakaguchi class
S (a,s,t),if it satisfies

Re{w}m (z cU) (1.6)

f(sz)-f (tz)

for some a(0<a<1),s,t eCt|<ls =t and for z eU. The class S («,s,t) defined
and studied by Frasin [4] (see also [18], [11], [12]).

Remark 1. Putting s =1, we obtain S («,1t) =2(a,t) Studied by Owa et al. [15] and
Goyal and Goswami [6].

For A,B fixed -1<B <A <1s,t,eC|t|<1, s #t and b eC" =C\{0}, we define
the subclass S (s,t;b;A,B) of A consisting of functions f of the form (1.1) as
follows:

l+1[—(S 1) '(2) —1j< L+Az . (1.7)
b\ f(sz)-f (tz) 1+Bz
From (1.7) and the definition of subordination, we obtain

1f(s-t)zf '(z) ) 1+Aw(z)
1+b(f(sz)—f (tz) 1J_1+Bco(z) (wlz)eq)

and hence we have
(s—t)zf ()
f (sz2)-f (tz) -1 <1
(s—t)zf ’(z) )
B {ayri)—|B+(A-B)b]

f (sz)-f (tz

(1.8)

We let T (s,t;b;A,B)= S(s,t;b;A,B)~T ,where T is defined by (1.3).
We note that for suitable choices of s,t,b, A and B, we obtain the following
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subclasses:

(i) Putting s=b=1t=0,A=1 and B =-1,we have S(1,0,1,1,-1)=S".

(if) Putting s =b =1t =0,A =1-20(0<a<1) and B =-1, we have
S(L,0,5;1-2a,-1) =S *(«) €see Robertson [16]);

(iii) Putting s =b =1t =0,A=(1-2a)p and B =-f(0<a <1,0< B <1), we have
S(L,0,L(1-2a)B,-p) =S (o, B) (see Gupta and Jain [7]);

(iv) Putting s =1t =0 and b =e "' cos 1(|4| < %), we have
S(L0,e'*cosA;A,B)=S*(A,B)(see Aouf [1], with & =0);

(V) Putting s =1 t =0, b =e*cos A(4|< %),A =1 and B =-1, we have
S(L,0,e*cosA;1,-1)=S* (see Spacek [25]);

(vi) Putting s =1t =0 , b =e"*cos A(|4|< %),A =1-2a(0<a<1) and B =-1 we have
S(L,0,e*cosA;1-2a,—1) =S *() (see Libera [9]);

(vii) Putting s =1t =0, b =e"*cosA(4|<%),A=(1-2a)4 and
B=-£(0<a<1,0<p<1), we have
S*(@1,0,e"*cosA;(1-2a)B,-B) =S (., B) ;

(viii) Putting b = (1-a)e '* cos (4| < %),A =1 and B =-1 we have
S(s,t,(1—a)e " cosA;1,-1) = R*(a,s,t) (see Mathur et al. [13]).

(ix) Putting b =e'*cos A(4| < %), we have S(s,t,e"*cosA;A,B) =R*(s,t,A,B).

Definition 4 [27]. A sequence {c, }, , of complex numbers is said to be
subordinating factor sequence if, whenever f (z)of the form (1.1) is
analytic, univalent and convex in U and

iakckzk <f(@z) (zeU;a=2. (1.9
k=1

2. Main Results
First, we shall obtain some subordination results.

Unless otherwise mentioned we assume throughout the paper that
~-1<B <A <l1s,t,eCft|<l, s=t,beC"

To prove our main results we need the following lemmas.

Lemma 1 [27]. The sequence {Ck }le Is subordinating factor sequence if and only
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if
Re{1+2ickz k}>0 (z eU).
k=1

Now, we prove the following lemma which gives a sufficient condition for
functions belonging to the class S(s,t;b;A,B).
Lemma 2. A function f (z) of the form (1.1) is in the class S (s,t;b;A,B) if

>k .| (1-8)+(A B )bl lac < (A B, @)

k

k—js j-L

Where Uk=ZS .
=1

Proof. From (1.8), we have

(s—t)zf '(z)_LHB (s—t)zf ’(z))_[B +(A-B)p] <0

f(sz)—f (tz) f(sz)—f (tz
and
Dk —u.lla[-B > [k —u,|la|
= = <(A-8)b|
1= i ffa]
k=2
and hence

>k ~,[(1-8)+(A~B )|l <(A -8 )bl
Lemma3. A necessar;/ and sufficient condition for f (z) T to be in the class
T(s,t;b;A,B) is that

:Zznk “u,[(1-B)+(A—B)plu, flla |<(A-B)pb].
Proof. In view of Lem_ma 1, we need to prove the necessarily

(s—t)zf '(z) 1

f(sz)-f (tz)

B St —[B+(A-B)b]

f (sz)-f (tz)
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S k S k
=Y ku,a,z" +) U8,z
k=2 k=2

Bz -B) ku,az"-[B+(A-B)]z-)uaz")

k=2 k=2

Zk U,
= k=2 - <l (z eU).
~(A-B)bz +(A-B)bY uaz -BY (k-u)az"
k=2

k=2

Since Re(z)<|z| forall z,we have

Z(k -u,)az"
Re L - <l

(A-B)bz —(A-B)b > u.az" +BZ(k -u,)a.z"
k=2

s—t)zf’
Choose values of z on the real axis so that % is real. Then upon

clearing the denominator in the last result and letting z —1" through real values, we
have

2 Jlk ~u|(1-8)+(A =B )blu[lia|<(A-B )b

This completes the proof of Lemma 3.
Remark 2. (i) Putting b =(1-a)e" cos A (0<a <1|4|<%),A =1 and B =-1 in Lemma
2, we obtain the result obtained by Mathur et al. [13, Theorem 2.3];
(ii) Putting s =1, t =0, b =e'* cos A(|4| < 5),A =1 and B =—1 in Lemma 2, we obtain
the result obtained by Silverman [20] (see also Singh [23])
Let us denote by S*(s,t;b;A,B),the class of functions f (z) e A whose coefficients
satisfy the inequality (2.1). We note that S*(s,t;b;A,B) =S (s,t;b;A,B).
Employing the technique used earlier by Attiya [2] and Srivastava and Attiya
[26], we prove:
Theorem 1. Let f (z) eA satisfy the inequality (2.1).Then for every h ek, we
have
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2-s—t|(1-B)+(A—B)bl[s +t|
2[[2—s-t|(1-B)+(A-B)pl|s +t|+(A-B)b]]
and

(f xh)(z)<h(z)(z V),  (2.2)

|2-s—t|(1-B)+(A—-B)|[s +t|+(A -B)p|

Re(f (2 ))>- 2—s —t|(1-B)+(A—-B)po|}s +|

(z V), (2.3)

|2-5-t|(1-B }+(A-B )]s +]
The constant factor = jis) (A B)‘bHSﬁH a-s)py 1N the subordination result (2.2)

IS the best possible.
Proof. Let f (z)eS"(s,t;b;A,B) and let h(z)=z + idkzk ek. Then we have
k=2

2-s —t|(1-B)+(A—-B)p|[s +t| (F =h)(z)—
2[[2—s—t|(1-B)+(A—B)pls +t|+(A—-B)p]]

|2-s—t|(1-B)+(A—B)bl[s +t| - kj
2Al2—s—t|(1-B)+(A—B)b|[s +t|+ (A —B)p[” +Z;akdkz ' (2.4)

Thus, by Definition 4, the subordination result (2.2) will hold true if the
sequence

{ 2-s ~t|(1-B)+(A—B)[b]ls +1 } (25)

22—s —t|(1-B )+(A—B )p[[s +t|+ (A —B)p[] *

IS a subordinating factor sequence, with a, =1.In view of Lemma 1, this is
equivalence to the following inequality:

o 2=s—t|(1=B)+(A—B)b|fs +t| k
Re{“zp St(1=B)+(A-B)ps +t+A_B)p| ¢ [0V (2.6)

Now, since
Y(k)=|k —u,|(1-B)+(A-B)b|u,]|
is an increasing function of k (k >2),we have

Re{“ZP : 2-s ~t|(1-B)+(A B )[p[s +| akzk}

—t|(1-B)+(A-B)p|[s +t|+(A-B)p|
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_Relts 2-s—t|(1-B)+(A-B)bl[s +t]|
2-s—t|(1-B)+(A-B)pl[s +t|+(A - B)|b|

Q7 ey ey ZUZ_S ~t|(1-B)+(A-B)[blls +t|}akz ‘ }

2-s—t|(1-B)+(A—B)bl[s +t|
|2—s—t|(1-B)+(A-B)[bl[s +t[+(A - B)|b|

~ S (A8 P A E T ;DZ_S ~t|(1-B)+(A~B)b|ls +t|]fa | r*

1 [2-51](1-B )+(A-B )bs+t]
Z LT s A|(1B )+(A-B)p[s H[+(A-B)p]

>0 (|z|=r<1),

(A-B)b|

N~ BB (A8 )bt~ (A=B b |

where we have also made use of assertion (2.1) of Lemma 2. Thus (2.6) holds true
in U.This proves the inequality (2.2). The inequality (2.3) follows from (2.2) by

taking the convex function h(z)=2% =z +k§ z¥
=2

[2-5—t|(1-B )+(A—B b|[s +t|
To prove the sharpness of the constant  zp5 g ) (A B)‘busﬂw Bp’ We

consider the function f,(z) eS*(s,t;b;A,B) is given by

_ (A-B)b 2

folz)=2 - 2=st[(1-B )(A—B)p|5+t| = (2.7)

Thus from the relation (2.2), we obtain
|2-s-t|(1-B )+(A—B )p|ls +t| z

2[|2-s-t|(1-B )+(A-B )p||s +t|+(A-B)p]] (f 0 )(Z )< E(Z cU ) (2-8)

It can easily be verified that
: [2-5t|(1-B }+(A-B )b]js +t| 1
rplg?Re{Z[Zst(lB)+(AB)bs+t+(AB)b] (f 0 )(Z )} - 2' (2-9)

|2—s-t|(1-B )+(A-B )p||s +t| .
This shows that the constant 2[2—s—t|(1-B )+(A-B )p[[s+t[+(A—B)p[] IS the best

possible. This completes the proof of Theorem 1.
Remark 3. (i) Putting b =(1-a)e"“cosA(0<a<L|1<%),A=1 and B =-1in

Theorem 1, we obtain the result obtained by Mathur et al. [13, Theorem
3.1];
(ii) Putting s =1t =0, b =e"cosA(|4/<%), A=1 and B =-1 in Theorem 1, we obtain
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the result obtained by Singh [23, Theorem 2.1];
(iii) Putting s =1t =0, b =(1-a)e'*cosA(0<a<l|i<5),A=1and B=-1  in
Theorem 1, we obtain the result obtained by Kwon and Owa [8, Theorem 2.4];
(iv) Putting s =b=1t=0,A=1 and B =-1in Theorem 1, we obtain the result
obtained by Frasin [5, Corollary 2.4];
(v) Putting s=b=1t=0,A=1-2a(0<a<1) and B =-1in Theorem 1, we obtain
the result obtained by Frasin [5, Corollary 2.3].
Also, we establish subordination results for the associated subclasses,
S (a,f), S “(A,B), S *(a, ), R*(s,t,A,B) .
Putting s=b=1t=0,A=(1-2a)p and B =—4(0<a<1,0< £<1) in Theorem 1,
we obtain the following corollary
Corollary 1. Let the function f (z)defined by (1.1) be in the class S («, ) and

suppose that h(z) ek. Then
1+ (3-2a)

o+ A6 —da)] (f *h)(z)<h(z)(z eV), (2.10)
and
1+ B(5-4a
Re(f (2 ))>_1+§E3—_M;, (z V).

The constant factor zi2se4r in the subordination result (2.10) is the best
possible.

Putting s=1,t=0 and b =e'*cos A in Theorem 1, we obtain the following
corollary.

Corollary 2. Let the function f (z) defined by (1.1), be in the class s *(A,B) and
suppose that h(z) ek. Then

(A-B)+(1-B)seca
2[2(A-B)+(1-B)secA]
and

(f xh)(z)<h(z)(z eV), (2.11)

_2(A-B)+@-B)seca

Re(f (z))> (A—B)+(1-B)secA

(Z eU )

The constant factor susereca - in the subordination result (2.11) is the
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best possible.
Putting s =1t =0, b=e*cos4,A=(1-2a)p and B=-8 (0<a<l0<p<l),
in Theorem 1, we obtain the following corollary.
Corollary 3. Let the function f (z) defined by (1.1) be in the class S *(«, ) and
suppose that h(z)ek. Then

2(1-a)+(1+ B)secAd .
Bt (s Aseca]l " E)< () €U), (2.12)

and
_4p(1-a)+(1+pB)secA
28(1-a)+(1+p)sec A’

2p(1~a)+(1+p)sechd . ) .
The constant factor 3@ ascsy IN the subordination result (2.12) is the

Re(f (z))> (z eU).

best possible.
Putting b =e'*cos 4,A =1 and B =-1 in Theorem 1, we obtain the following

corollary.
Corollary 4. Let the function f (z) defined by (1.1) be in the class

R (s,t,A,B)and suppose that h(z)exk. Then

|2—s —t|(1-B)+(A—B)cosAls +t| .
2[[2—s —t|(1-B)+(A—B)cosAls +t|+ (A —B)cos}b](]c h)(z)=<h(z)(z V), (1.13)

and

_|2—s —t|(1-B)+(A -B)cosils +t|+(A —B)cos A
2—s—t|(1-B)+(A—B)cos As +t| ’

|2-s-t|(1-B )+(A—B )cos Als +t]
2[|2-s-t|(1-B )}+(A—B )cos As+t|+(A—B)cos A]

Re(f (z))>

(Z eU )

The constant factor in the subordination result

(2.13) is the best possible.
Next, we shall obtain some integral mean results.

2

In [19], Silverman found that the function f,(z)=z —Z? is often extremal over the

family T . He applied this function to resolve his integral means inequality,
conjectured in [21] and settled in [22], that

Zﬂf (re“")quosﬂfz(re“")fd o,
0 0
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forall f (z)eT, §>0 and O0<r <1 In[22], Silverman proved his conjecture for
the classes T *(«), where T *(a) =S *(a) NT .

In 1925, Littlewood [10] proved the following subordination theorem.
Lemma 4 [10]. If the functions f (z) and h(z) are analytic in U with

f (z)<h(z), thenfor §>0 and z =re'’(0<r <1), we have
2 . 2z
[If ey do< [|n(e') de.
0 0

Theorem 2. If f (z)eT (s,t,b,A,B) and £@0, 0<|z|=r <L then for function
h(z) ek, we have

9(2) jf)_ B)p| zf‘(f «h)(re”)[' do < zzf\h(fe”)fd 0, (2.14)

where ¢(2)=[2-s-t|(1-B)+(A—-B)pb|ls +t|.
Proof. The proof follows from Theorem 1 and Lemma 4.
Putting s=b=1t=0, A=1and B =-1 in Theorem 2, we obtain the following
corollary.
Corollary 5. Let the function f (z) defined by (1.3) be in the class S *
and suppose that h ek. Then

%zﬂ(f *h)(re”’)fdaszﬂh(re”’)fd 0, (2.15)

Putting s=b=1t=0, A=1-2a(0<a<1) and B =-1 in Theorem 2, we obtain
the following corollary.
Corollary 6. Let the function f (z)defined by (1.3) be in the class S *(a)
and suppose that h ek. Then
2—-a
2(3-2a)
Putting s=b=1t=0, A=(1-2a)8 and B =-p(0<a<10<A<1) in Theorem
2, we obtain the following corollary.
Corollary 7. Let the function f (z) defined by (1.3) be in the class
S*(a, B) and suppose that h ex.Then
1+ B(3—2a)
2L+ B(5-4a)]

T\(f *h)(rem)fdegT\h(re”)fde, (2.16)

2ﬂ(f *h)(reig)fdesT\h(re”)fde, (2.17)
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Putting s=1,t=0 and b =e*cos1(|4|< %) in Theorem 2, we obtain the
following corollary.
Corollary 8. Let the function f (z) defined by (1.3) be in the class S *(A,B) and
suppose that h ek.Then
(A-B)+(@1-B)seca T
2(A-B)+(1-B)seci

Putting s=1t=0, b=e"*cos(|4<%),A=(1-22)p and

[(F +h)(re') d o< 2T\h(re‘9)fd9, (2.18)

0

B =-8(0<a<1,0<4<1) in Theorem 2, we obtain the following corollary.
Corollary 9. Let the function f (z) defined by (1.3) be in the class

S *(a, B) and suppose that h ek.Then

2p(1-a)+ @+ f)secA 7f o i 2w
Aap—a) s @ psecid | T 40 [|nee) do (2.19)

Putting b =e"*cosi(|4|<%),A=1and B =-1 in Theorem 2, we obtain the

following corollary.
Corollary 10. Let the function f (z)defined by (1.3) be in the class

R “(s,t,A,B) and suppose that h ek.Then

2[|2—s-t|(1-B )+(A-B )cos AJs+t|+(A-B )cos 1]

|2-5-t|(1-B )+(A—B )cos Afs +t| zf‘(f *h)(reig)rdﬁﬁ T‘h(re“g)rde, (220)
0 0
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