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ABSTRACT

Motivating by g analogue theory, g analogue of a linear operator has been defined and
subclass of analytic functions is introduced in this work. The Fekete-Szegd problem for this

class is obtained. Various Known or special cases of our results are pointed out.
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1. INTRODUCTION
The theory of g-analogues or g-extensions of classical formulas and

functions based on the observation that
lim 9 = g, 19| < 1
g1 1-q - ) q )
therefore the number (1 —q%)/(1—q) is sometimes called the basic
number [a],.
Let A denote the class of functions of the form
f(2) = z+ Ty axzhay = 0,(1)
which are analytic in the open unitdisk U = {z € C: |z| < 1}.

Let f,g € A, where f is defined by (1.1) and g is given by
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g(2)=z+ 2 biz*, by = 0.
k=2

Then the Hadamard product (or convolution) f * g of the functions f and g

is defined by

(f *9)(@) = z + L=, axbiz®.

For complex parameters a,b,c,q(c € C\{0,—1,-2,...},|q| <1), we

define the g- analogue of Gauss’s hypergeometric function ,®,(a, b; ¢, q, 2)

by

o (a.q)k(b.q)
2(191(a,b; c, q,Z) = Zk=0 mzk, (Z € [U)

)
where (x, q); is the g-analogue of Pochhammer symbol defined by

1, k =0;
W’)k‘{(1—x)(l—xq)(l—qu)...<1—xq"‘1), ke N

Note that limg_,4[,®P4(a, b;c,q,2)] = F(a, b; c, 2), where »F;(a, b;c,z) is

the familiar Gauss’s hypergeometric function.

By using the ratio test, one recognize that, if |q| < 1, the g- analogue of
Gauss’s hypergeometric series(also called basic hypergeometric series or g-

hypergeometric series) defined in (1.2) converges absolutely for |z] <1 .
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For more mathematical background concern the g-analogue theory one may
refer to [1, 2].

Corresponding to the function ,®,(a, b; ¢, q, z) given by (1.2), consider
G:(a,b;c,q,2z) =z ®4(a,b; c,q, 2).

Now, we define the g-analogue operator D, (a,b,c)f:A — A of Hohlov

linear operator as follows:

Dq(a' b' C)f(Z) =2 gl(a'b; G q'Z) *f(Z) 3
=z+ Y-, VE(a, b, c)ayz, (3)

where

k _ (@.9) (k-1) (DD k-1 4
Va(a.b,0) =0 = s

For0<a<1and 0<p <1. The class an'ﬁ(a, b, c, ) consists of all

analytic functions f € A satisfying:

B
Z(Dq(a,c,d)f(Z))'>a (1 zwq(a,c.amz))n)
S’ Attt < . 5
( Dy(@cd)f (2) t @@y ¢(2) (5)

We note that for suitable choices of «, 8, a, b, c,q and ¢(z), we obtain the

following subclasses:
L qu’o(q, b,b,p(z)) = S*(¢) (see Ma and Minda [6]),
2. qu’l(q, b,b,p(z)) = C*(¢) (see Ma and Minda [6]),

3. W, (q,b,b,9(2)) = M, 5(p) (see Ravichandran [7]).
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Also, we note that for 0<a <1, 0<B8<1 and z€ U we have the

following:
1. Putting a = q% b = q°,c = q° and ¢ - 1, we obtain

%“”3 (9% 9", 9% 9(2)) = Wyp(a,b,c,p) ={f €

_ (z(Ha,b,cf(z))r)“
' hap,cf(2)

B
(Hgp,cf @)
1 4 Z(Hab, ) < a
( t  tancf @) ¢(2).}

where the operator H, j, . f (z) was defined by Hohlov [9].

2. Putting a = ¢%*1(6 > —1),b = ¢ = g and g — 1, we obtain

| @ @)N\°
Wy (47, 4,0,0(2)) = Whs(0) = {f € A: (“05r %)

B
z(DOf(2)1 _
(1+ (Dsf(z)),) < 0(2),8 > —1),

where the operator D% f (z) was defined by Ruscheweyh [3].

3. Puttinga =q% b =q,c =q°, q—- 1and a > 0,c > 0 we obtain

aB . a c _ _ (z(L(a,0)f (@)
We (0%0.95 0 () = Wep(a,c,0) = {f € A: (XT2202Y)

z(L(@,)f(2)m\P
(1 +m) < @(2),a>0,c> 0},

where the operator L(a, c)f (z) was defined by Carlson and Shaffer [4].
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4, Putting a=q%b=qg*Yc=q°(A1>-1),g—>1 and acE€
R\Zq,Zy = {0,—1,—2,...}, we obtain

| A r)n©
W (@% a1, 4%, 0(2) = Wis(a,c,0) = {f € A: (2 o )

B
(arr@)r -
(1 + Ty, ) < ¢(2),a,¢c € R\Zy, A > -1},

where the operator I f (z) was defined by Cho et al. [[11]with p = 1].

5. Puttinga = q%,b = q,q —» 1 and ¢ = ¢q"*1(n > —1) we obtain

, Inf N
anﬁ(qz,q, q", (2)) = Wap(n, @) = {f € A: (Z(Inf((;)) )

(Inf @) B
(1+ %) <¢(@),n>-13

where the operator I, f (z) was introduced by Noor [8. 10].

6. Puttinga = q°*1,b = q,c = ¢°*%,(c > —1) and g — 1, we obtain

B oc+1 c+2 — — (2Unf @)\*
Wy (45, 4,0°%, 9(2) = Wep(c,0) = {f € A: (F12%)

Unf(@)m\P
(1 + Z—U:f(;), ) < @(z),n>-1},

where the operator J,,f (z) is the integral operator was defined by Bernardi
[5].

7. Puttinga = g% b =q,c = q*>*, (0 <1< 2)and g - 1, we obtain

a2 o 2-2 _ _ . (203r @)
Wy (42,0472, 9(2) = Wap (R 9) = {f € A: (057 27)
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B

A 17
(1 _l_M) < @(z),0<A<2}

Qf @)

where the operator Q*: A — A was defined by Owa and Srivastava [12]
and Owa [13] as:

@@ =T2-Dz'Dif(2)
_ w TE+DL@-1)
=Z+ k= T(k+1-2)

A+23,...).
We denote by P a class of analytic functions in U with
p(z) =1 and R(p(z)) > 0.

In order to derive our main results, we have to recall the following lemmas.

Lemmal. [14] Let p € P with p(2) =1+ p;z + pyz? + p3z3+... . Then

for any complex number

Ip, — upi| < 2max{1,|2u — 13},

and the result is sharp for the functions given by

p(2)=—7, pr@=—

1+z2 1+z

1-z 1-z’

Lemma2. [14] Let p € P with p(z) = 1 + p1z + p,z2 + p3z3+. .., then
4w +2, ifv < 0

lp, —vpi| <12, if0 <v < 1
-2, ifv = 1

-88 -



Journal of Humanities and Applied Science (JHAS) Issue No. (30) June 2017

When v < 0, the equality holds if and only if p(z) = g or one of its

1+22

1-2z2

rotations.If 0 < v < 1, then the equality holds if and only if p(2) = or

one of its rotations.

If v = 0, then the equality holds if and only if

_(1+1/1)1+z+(1 1/1>1—ZO</1<1
@) =3T3 Tt 32 13,0=s4=D)

or one of its rotations. If v = 1,the equality holds if and only if

_(1+1/1)1+z+(1 1/1>1_ZO</1<1
p(z) \2 27)1-2z \2 2 17, 0=A=D

or one of its rotations. The above upper bound is sharp and it can be

improved as follows when 0 < v < 1:

1
lp, —vpil +vIp1|? <2(0<v < >

and

1
lp. —vpil+ (1 —v)|ps1]?® < 2G<v<1)

Unless otherwise mentioned, we assume throughout this paper that
VE(a, b, c) is given by (1.4).

2. FEKETE-SZEGO PROBLEM
The Fekete-Szeg0 problem was introduced first in [20]. This inequality is all
about estimating the best possible constant C(w), for real or complex

number p such that |a; — pa3| < C(w), for every function f € A.
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Theorem.Let ¢(z) =1+ B,z + B,z*+...,B; > 1. If f given by (1.1) in
a,p .
the class W, (a, b, ¢, ¢) and u is a complex number, then

— ua? B

las — paz| < 2(a+3B)V3(ab,c)

[(a+2B)%-3(a+4B)][VE(ab,c)]*+4u(a+3B)Vy(ab,c) 5
2(a+2pB)?[Vi(a,b,c)]? 13-65)

max{1, | B _ B,
By
The result is sharp.

Proof. If f € Wq“’ﬁ(a, b, c, @), then there is a Schwarz function w(z) in U
with w(0) = 0 and |w(z)| < 1 in U such that

B
z(%(ax.d)f(z))r)“( z(Dq(a,c.d)f(z))u) _
( Deacar@® ) \I T @g@earay) = PWE@): (7

Define the function g(z) by

_1+w(2) _ 2
=Te 1+piz+prz+... (8)

p(2)

Since w(z) is a Schwarz function, we see that R(p(z)) > 0 and p(0) = 1.

Define

9(2) = (Z(Dq(a.c.d)f(Z))'>a (1 + 2Pqlacdf @)

B
— 2
D@ Bu@c o) ) =1+dz+d,z%+... (6)

In view of (2.2), (2.3), and (2.4), we have
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9@ =922 (1)

p(2)+1

Since

p(z)—1 1 pi pi
m=§ p1Z+ 192—71 Z2+ p3+zl—p1p2 Zg+.... .

Therefore, we have

o B =12 [ (=) 20 4. 0

from last equation we obtain
1
dy = ;B1P1;
and
1 p? 1
dy =B, (Pz - ?1) +Zszf-
A computation shows that

2(Dg(a,c,d)f(2))
Dg(a,c,d)f(2)

[Va(a,b,c)]?a5}z*+..,

=14 Vi(a,b,c)az+{2V¢(a,b,c)az —

so that

(a? - 3a)
2

<Z(Dq (a,c,d)f (2))

a
=1+ aV%(a,b,c)a z+{2aV3 a,b,c)a; +
Dy(a, 0, Df ) ) a( )a, a( das

[Va(a,b, c)]zag} z2 ...

Similarly, we have

z(Dg(a,c,d)f (2))"

" 0,@ oD @Y

=1+ 2V3(a,b,c)ayz +{6Vi(a,b,c)az — 4[V4(a,b,c)]*a3}z*+...,

So that
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2(Dg(a,c, F )"\ _ 22
<1 + m) =1+ 2pV%(a,b,c)a,z + {65V3(a,b,c)as + 2B(B — 3)[V2(a, b,c)]?a3}z?+...,

Thus we obtain

(z@q(a, c, d)f(z))'>“ <1 , 2@a(a, ad)f(z))”)ﬁ
Dy(a, ¢, d)f (2) (Dq(a ¢, d)f )’

(a+2B)% —3(a+4p)
2[V2(a, b, c)]za%

2

=1+ (a +2B)Vi(a,b,c)azz + |2(a + 3B)Vi(a, b, c)az +

Then, we see that

d; = (a 4+ 2B)Vi(a,b,c)a,

and

(a +2B)* —3(a+4p)
2

d, = 2(a +3B)V,(a,b,c)az + [Vz(a, b, c)]?as,

or equivalently we have

@ = Bip1
27 2(a+2B)Vi(a,b,c)

and
_ Bipa pi [(@+2B)? - 3(a + 4B)]
= 4yt 38)V3(a,b,c) 8(a+3B8)V3(ab,c) By =Bz + 2(a + 2B)? Bf].
Therefore
B
_ 2 = 1 _ 2
% MO S T 3BV (a b o) P2 P
where
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1. B N [(a +2B)* = 3(a + 4B)]1[Vi(a, b, c)]* + 4u(a + 38)V; (a, b, C)B :

v=oll=g 2(a + 2B)2[V2(a, b, )2 1l

the result follows by an application of Lemma 1.1 The result is sharp for

functions

#Dy(@ e DFO' (|, 2yacdf " _
Dale ¢, DF () @y cdf@y ) ~ 7

and

(z(Dq(a,c,d)f(z))r>“ (1 _I_z(Dq(a,c.d)f(Z))")B = 0(2)
Dq(a,c,d)f (2) (Dg(acd)f(2) '

This completes the proof of theorem 2.1.
Taking a = g and b = c in Theorem 2.1, we get the following corollary.

Corollaryl.Let ¢(z) = 1+ Byz + B,z?+...,B; > 1. If f given by (1.1) in

the class M, g(¢) and u is a complex number, then

— a2 B1
By o [(@+2B)?-3(a+4pB)]+4u(a+3B)
max{1, | 5 B, 2(@r2p)’ 3. (8)

The result is sharp.

By using Lemma 1. we obtain the following theorem.
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Theorem2. Let ¢(z) = 1+ Byz + B,z*+...,(B; > 0,i € N). If f given by
(1.1) in the class an’ﬁ(a, b, c, ) and u is a complex number, then
lag — pa3| <

1 Y
2(a +3p)Vi(a,b,c) {BZ S 2(a+ 2)?%[V3(a,b,c)]

2312}' lfl’l < 01,

1
2(a +3B)Vi(a,b,c)’

ifo, < pu < 0y

! 14
2(a+33)v3(a,b,c){_32+2(a+2ﬁ)2[vé(a'b’c)]2312}i 2 > 0y.

where

_ 2(a+2B)*[Vg(a,b,0)]*(B, — B1) — [(a +2B)* — 3(a + 4p)][V3(a, b, O)]*BE

o 4(a + 3B)V3(a, b, c)B?
_ 2(a+2p)*[Vg(a b, )P (B, + By) — [(@ + 28) — 3(a + 4B)][Vg(a b, ©)|*B}
0 = 4(a +3B)V3(a,b, c)B} |
and

y = [(a+2B)* = 3(a + 4B)][Vi(a,b,c)]* + 4u(a + 38)Vi(a, b, ).
(9)

The result is sharp.

Proof. First, let u < g4, then
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9 By B _ 14
las — pa;]| Sz(a+3ﬂ)v3(a.b.c){31 2(a+2ﬂ)2[V5(a'b'C)lzBl}

. _ 14 2
= 2(a+3B)V3(ab,c) {BZ 2(a+2p)2[V2(ab,c)]? Bi } )

Let, now o; < u < og,. Then, using the above calculation, we obtain

B,
2(a+3B)V;(a,b,c)

lag —ua3| <

Finally, if u > o, then

— ya? B} B 14
las — paz| < 2(a+3ﬂ)vg(a,b,c){ By = 2(a+2B)2[V3(ab.c)]? Bl}
. r 14 2
= 2(a+3ﬂ)v3(a,b,c){ B, + 2(a+2B)?[V2(a,b,0)]? Bl}'

Following the technique in [[15], Theorem 2.1], it can be showing that the

result is sharp.

Taking a = g and b = ¢ in Theorem 2, we obtain the result obtained by

Ravichandran [[7], Theorem 2.1].

By specializing the parameters a,3,a,b,c and q in Theorems 1 and 2, we

can obtain new results corresponding to the operators mentioned in the

introduction.  Other work related to Fekete Szegd Problem and

subordination can be found in[16, 17]. Also work related to basic

hypergeometric functions can be found in [18. 19].
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