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ABSTRACT

Let G be an infinite group with identity e, . Given a filter ‘Fon G let t[ F] denotes the

strongest left invariant topology in which this filter converges to e. We try to describe the
topology t[ F]including the case where ‘F'is a strongly discrete filter, in this case, we will

show that (G, t[‘F]) is a Zero- dimensional and possesses an interesting extremal
properties.
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1. INTRODUCTION
Let G be an infinite group with identity e.Given a filter ‘Fon G then there

exist leftinvarianttopology T on G, that is forevery a € GandU €7 ,one
has aU e z. in which this filter converges to e such that Tis largest left
invariantwhich itdenotes by z[‘F].We will describe z[F] the caseF is
strongly discrete, that contains the Frechetfilter and there is a map

M :G — F such that XM(X), where X € G, pairwise disjoint

2. LEFT INVARIANT TOPOLOGY GROUP
We define translation invariant topology on a group and we establish
necessary and conditions for a collection of subsets of any group G to be a
neighborhood base at given point for a left invariant topology.

-55-



Journal of Humanities and Applied Science (JHAS) Issue No. (30) June 2017

Definition:1.1Let G be a group, acc We define the map I,:G —>G
[respectively, r,:G — G]by I, (x)=ax [respectively, r, (x)=xa] for all

xeG, r, and |, respectively, called the right and left translations of G

Definition:1.2Let G be an infinite group with identity e. A topology 7 on G

is called left invariant if for every a€ G and U e, one has aU e.

Theorem:1.3A topology 7 on a group G is left invariant if and only if for

each a € G the left translation of G onto G is continuous.

Proof: = Let U be an open setin G, ae G, since I;'(U) =a"'U is an open

setin Gso |, is continuous.Moreover, it is easy to see that the inverse I;l

of 1, is the left translation :x— axwhich is continuous by the same

argument as above.

< If bel,(U)=aU, then b=ay for some yeU, so a'b=yeU,
|.(b) €U, since Ia_l is continuous there exists an open set W containing b
such that Ia_l W)cUso a*wW cU. This implies that W cau, and
beW c aU . SoaU isopenin (G,7).

Example:1.4Let G=IR , the real line with addition as the group operation

and with the usual topology, since 7 is generated by the collection
B={(a,b):a,beR ,a<b}, then 17((a,b))=—x+(a,b)={yeR:x+ye(ab)}

=(-x+a,—x+b) whichisopenin R.So (IR,z)in left invariant
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Example:1.5Let G=R , with the usual addition then G is a group with
identity 0, 7 ={¢, R}u{(a,o):a R} is a left invariant topology on R..
Since for any Uer with U =(ax)), xeR,

X+U = X+ (a,0) = (x+a,o0) , which is open.
Lemma: 1.6 Let 7,7z, be two left invariant topologies on a group G,

with identity e. If the neighborhoods of e in z, are contained in z,then

T,CT,.

Proof: Let W be an open subset in 7, and let xeW, since z, is a left
invariant then | *(W)=x"W is an open set containing e; that is x W is a
neighborhood of e in Ty . Thusx™W is a neighborhood of e in z,, from
the assumption of the Lemma so there exists U ez, such that
ecU c x'W . This implies x e XU < x(xW), since z, is left invariant so
xU is open in 7, so x(x"W) is a neighborhood of x, hence W contains a
neighborhood in 7, for each of its points so W is open in z,. Therefore

T,CT,.

Theorem: 1.71fB is a basis for the neighborhood system at e in a left
invariant topology on a group G, then for any aeG,{aU:U B} form a
base for the topology of G.

Proof: Let ae G and let W be an open set containing a of a left invariant
topology 7 on G, so I;*(W)=a"'W is an open set containing e, so there is a

neighborhood V of e such that V —a*W. But B is a neighborhood base at
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e, so there exists UeB such that eeUcVca?®Ww, and hence
ecUca'W. Thisimplies aU < W, which proves that {aU:U B} isa

base for the topology _.

Theorem:1.8 Let G be a group with identity e. A family u of subsets of G is
a neighborhood basis at e of open sets for some left-invariant topology 7

on G if u satisfies the following properties.

(i) ecU forallu eU.

(i1) u is a filter base.

(iii) If U el then x'U e F for each xeU, where F is the filter
generated by u.

Proof: = If u is a neighborhood basis at e of open sets for a left invariant

topology on G.
(i) itis clear that ecU forall U eU .

(i) Let U,,U, e U, since u is a neighborhood basis at e consisting of open
sets so there exists U, e U such that U, cU, NU, ; that is uis afilter base

for some filter on G.

(iii) 1fU eU is open set in 7 then for each xeU there exists a

neighborhood W with xeW c U , since W is a neighborhood of x, then
there is V e 7 with xeV <W, so eex™V < x"W,, since |, is continuous,

then | '(V)=x"'V is open and xW is a neighborhood at e. But u is a
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neighborhood basis at e, so there exists U, e U such that ecU, < x™W,
so x W eF, and since xW < x'U . Hence x U e Fforeach xeU .

< Let u be a collection of subsets of G satisfying (i), (ii), (iii) for each
xeG, let U ={xU:ueUy},if v,v,elU, then v, =xU,,V, =xU, for
some U, U,eU, by (i) there exists U,elU with U, cU,"U,s0
XU,  x(U, "U,) =xU, nxU, ; that is there is V, =xU, e U, such that
V,cV,NV,. Let yexU for some U e, then y=xb for some beU,

by (iii) bU e F, so there exist U, e U with U, cb™U .

Note that if zeU, then bzeU, Now yU,eU , we need to show that
yU, < xU . Sincey = xb, for any zel, we have
yz=(xb)z=x(bz)=xd forsome deU so yzexU forany zeU,, that
Is yU, < xU , hence uy is a neighborhood base at x for some topology T
on G. Let W be an open set, then for each xeW there exist xU, eU,

such that xexU,cW, W=YxU,. Then for any aeG,

XeW

aW =a(YxU,)=Y (ax)U, , which is open, thereforer is left invariant.

XeW XxeW

For each Uel, xeU there exists U,eU such that xexU, cU,

where XU, € UX . S0 any member of u is open.

Theorem:1.9 Let G be an infinite group with identity e. Given a filter F on

G. Then there exist a left invariant topology 7 on G in which F converges
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to e such that 7is the largest left invariant topology on G in which F

converges to e.

Proof:Let > ={1:4 is a left invariant topology on G in which F
converges to e in (G, A)}. Then X = ¢ since the trivial topology is in 2.
Let N,(e) be the neighborhood base of e in (G, 1) forall 1eX. Let

N=v,,N,(). Let B={B:B is afinite intersection of some members

of N3}; that is for every BB then B=] U,, where U;e N, , 1<i<n,

i=1

Note that NcB and for any B=] U,, xeG, xB=x( U,

i=1 i=1

=] (xU,). Now, the collection 7 consists of ¢, G, all unions of
i=1

members of the collection {xB:B € B,x e G} is a left invariant topology
on G, and 7 is the largest left invariant topology on G in which ‘F converges
to e. Since if 7’ is a left invariant topology on G such that ‘F converges to e
in (G,7') then 7’eX and N_(€) =N, N_(e) = N_(e), and by Lemma
(16) 7'cr.

Definition:1.10 For every filter F on a group G denote by 7 [F]the largest

left invariant topology on G in which ‘F converges to the identity of G.

Definition:1.11 If Gis agroup, M: G — P(G) a mapping, where P(G) is
the power set of G, and aeG, define [M] eP(G) by
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M1, ={x,%..X, -n<@, x,=aand x,_, e M(x,x,...x;) foreach i<n}.

i+1

Lemma:1.12 If Gisagroup, F isafilteron G, and M :G — Fthen:

(i) If xe[M], then [M] <[ML.

(i) If N:G — 7F, then [M] n[N], =[K],, where K:G — F is defined
by K(x) =M (xX) "N(x).

(iii) For every beG, b[M] =[N],, whereN:G — F is defined by

N(X)=M(b'x).

Proof: (i) Let xe[M],and y €[M], theny is inthe form Y=YqY;1..¥
m<ao,x=y,and y,, e M(y,y,..y;) for each i<m, since xe[M] so
X=XX. X, N<@, % =a and x_,eM(xX,..x) for eachi<n  so
y=axXy.. X,Y1Yoe Y = @7 Zyo. Zo,n €[ML, Where z,=a, z =
XpveeZ = Xys Zias = Yoo Zom = Yo - HENCE [M], = [M1,.

(i) If x e[K],S0 X = X;X...X, ,N<w, X,=a and X, € K(X;X...X;)
for each i<n

If n =1 then x=x, x,, where x eM(x,) "N(x,) ; thatis X, €
M@ ~N(a), so xe[M], n[N],. Suppose n >1, if
X=XX..X, €[Kl,, X,=a and X ,eM(XX...x)"N(XX...x;) for

eachi<n, SO x = X,,...X, ,X, = YX,, by induction we have y e[M], n[N],.
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Now, x, € K ( Xy XX, ) = MXXo X, 1) ON(XoX X 4)

YX, €YM (XXX, )Y N (X %X, )= YK ( X%...x,) 5 that s
xe[ML AIN1,. 50 xe[K], =ML A[N],.

(iii) b[M1, ={bx,X,...x,:n < @,%, =a and x,,, € M (x,%....x;) for each i < n}.
={bx,X,...X, : N<w,x, =aand X, € M(b™b x,x...x;) for each i < n}.

= {bx,%,...X, : N <w,bx, =baand X, € N(bx,x...x;) for each i <n}.
=[N].-

Theorem: 1.13 For every filter F on G and a €G, the subsets of the form
[M],, where M:G — F, are precisely the open neighborhoods of a €G in
T[F]

Proof: Let U be an open neighborhood of aeG in any left-invariant

topology on G in which ‘F converges to e. Define M :G — ‘F by

—1 -
M (X) = XU if XEL-J,
G otherwise .

To show that [M], =U .
Let y e[M],, theny = XX...X,, where n<®, x,=a and X, € M(X,X...X,),
by induction on n, if n=1 say y=x,x, =ax, with x, e M(a)=a"U, and so

x,=az, where Ze U, and then y=ax, =aa'z=zeU. So [M], cU

.Suppose n>1, and
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ye[ML, SO y=XX..X, n >0, X, =a, and x_, € M(Xx...x;), then
Y =XX..X, X, =t,. By induction we have teU and
X, e M(X%..X, )=M(t)=t"U,s0 x,=t"w , where weU, then
y=tt'w=weU,andso[M], cU.

Now, let yeU then y=a(a™y), and since yeU then

(at'y)ea'U=M(a), so U c[M]. Hence [M], =U.

Conversely, by Lemma (1.12) (i, ii) the subsets [M],, where a € G form the

open neighborhood system for a topology and by Lemma (1.12) (iii) , this

topology is left invariant.

Corollary: 1.14 Let F be a filter on G, let A< ‘F, and for every X €A, Let

Ux be aneighborhood of e in T[] . Then (Y xU,)u{e} is a
XeA
neighborhood of e in T [F].

Proof: Without loss of generality, for every XeA pick an open

neighborhoodUy of e such that Uxe F . Since T [’f] is left invariant then

XUy is open, and that U = Y xU, is open. Define M :G — F by

xeA

A if x=¢e,
M(x)=<x"U if xeU,
G otherwise.

To show that [M], =U U {e}.
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If xe[M], then x=XxX..X,, N<®, X, =eand X, e M(XX...X) |,
x, €eM(e)=A and x, e M(ex,)=x"U then x,=x"y, where yeU and
XX, =yeU, by induction we have t=xX,.x,,€U. So
X, € M(XX..X, ) =M(t)=t"U, x,=t"'w,  where weU,  then

X =1, = XX,...X,,X, =W, and so [M], cU u {e}.

Now, if e=yeU u{e} then yexU, for some Xe A, soy = x z for some
zeU,, sincey =x zthen z=x"'yex'U=M(x), and xe M(e)=A, so
y=exze[M], ,and U u{e}<[M].. Hence [M], = U u{e}.

Corollary: 1.151f T F=¢ then T[] isa T:- topology.
FeF

Definition:1.16 A topological space X is called strongly extremally
disconnected
if for every open nonclosed subset U in X there exists g eclU \U such

that U u{g} is a neighborhood of g.

Theorem:1. 17 Every strongly extremally disconnected topological space is
extremally disconnected.

Proof:Let X be a strongly extremally disconnected space and suppose it is
not extremally disconnected, so there exists an open subset U such that clU

is not a neighborhood of some element g eclU . Put V=X\clU, then g ¢V
.SinceclU is not a neighborhood of g so g gint(clU) =[cl(clU)°]°, so

g ecl(clu)°, since clV=cl (X \ (clU)) =cl(clu)°, so geclV\V , and V
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is an open nonclosed subset. Since X is strongly extremally disconnected,

there exists heclV \V such that {h}UV is aneighborhood of h, so there
exists an open set W containing h with  heW c{h} u (X \clU). But
hecdU\U, so WNU=#¢, and hgWnU, so Wg X\U, and
Wz X \clU, which is a contradiction. Hence X is extremally disconnected
space.

Theorem:1. 18 For every non-principal ultrafilter F on G, T[f] is a

strongly extremally disconnected T;- topology.

Proof:That T [‘F] is T;- topology follows from Corollary(1.15). To prove
that T [F] is strongly extremally disconnected. Let U be an open subset of
(G, 7 [/f]) with eeclU\U and let C = G\ U, e C. Suppose there is

aeC with aeclU \U such thatU eaFwhere af={aF:F e T} ; that is

there exists F € F with
aFcU ,soFca'U,and a'U e F, sowe can choose M:G — F and

M(a) € F, with M(@)< a'U, soaM(a)< U . Since U is open, for every
xeU choose M(x) € F and ee M(x) with xM(x)cU, so aM(a)\J
xM(x) cU forall xeU,aeC then [M], cU u{a}. Hence U u{a} is
a neighborhood of a , otherwise XM (x) "U =¢ for all X € C ; that is for
every xeC, Cex T, where xF ={xF:F e F}. So X_lCej-", and for

every x e C we can choose M :G — F such that for every xeC, M(X) €
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Fand M(x) = x'C,s0o xM(x) cC. Since ecC then [M], cC=G\U,
[M], nU =¢, s0 e «clU , which is acontraduction.

We now turn to the topology T [F] .in the case when ‘F is a strongly

discrete filter.

3. STRONGLY DISCRETE FILTER
Definition: 2.1 A subset D of a space X is called strongly discrete iffor every X € D

there exists a neighborhoodU, of x such that the collection {U, :x € D} is pairwise
disjoint.
Lemma:2.2 Every countable discrete subset of a regular space is strongly discrete.

Proof:Let D ={d,};” be a countable discrete subset in a regularspace X. For each i there

is an open set U5 in x such that U ND={d}.

Let W, =U,

W, =U,\U,

W, =U;\U, uU,

M

M

W, =U \U,uU,uU,
M

M

Then (W, ),_, are pairwise disjoint sets.
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Definition:2.3 A filter ‘F on a group G is strongly discrete if F contains the Frechet

filter and there isamap M :G — f such that all the subsets xM(x), where X € G are
pairwise disjoint.

Lemma: 2.4 Let M :G — P(G) be any mapping such that the subsets xM(x), where
X € G, are pairwise disjoint, and let X,..X, =Y,...y,, for some n, m <® and
X;,Y; €G such that X;,, € M(X,...x;) fori<nand y;,, € M(Y,...y;) for j< m. Then

gither X...X, , =Y, and X, =y; for 0<j<mif n=m , or Xy = Yy.. Yy

n—m+ j
and X; = Ymnsi for 0<i<nifn<m.

Proof:We proceed by induction on nm , if min {n , m} = m = 0 then Xo-Xim
= Xg--X, = Yo - Similarly if min {n, m} = n = 0. Suppose X;...X; = Yo,...Yny fOr

some n-1, m-1 <® and X;,Y; €G such that X;,, € M(X,...x;) for i< n-1 and

i+1
Yia€ M(yo...yj) for j<m-1, then either Xo...X(, 1) (1) = Yo a0 X,_1) m-1+j = Y

for 0< j<m—1if N2M or Xy = Yo--Yin 1y (ngy @ X; =X gy (n1).i FOF

i< n-1 if n< m. To show that X, = ym,. Assume the contrary X, # Y, ,where

X, € M(Xy..X, )and Y, €M (Yo...Yy) ;thatis Xo... X, 51X, # Yoo Yins Yin

asXg Xy M (%X 1) N YoV -Yima M(Yo--Yry) = ¢ which is contradiction

with X X,...X ;3 = Yo ¥i---Yiy - HENCE X, = Y

Lemma: 2.5 Let F be a strongly discrete filter on G. Then there are M :G — F and

A cG with e € A such that

(1) the subsets [M], , where a&€ A, form a partition of G,
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(2) for every a€ A and for every X €[M], , x is uniquely represented in the form

X=Xg...X,, Wheren<®, xo=aand X;,, € M(X,...X;) fori<n.

i+1
Proof:Letk = |G| enumerate G as{g, : @ <K}, since F is a strongly discrete filter
on G, we can choose M :G — ‘F' such that for every @ <k,g,M(g,) pairwise
disjoint and  g,M(g,) {9, : B<a}=¢ then x,..X, €{d,: B <a }whenever
X =0,, 0 <n <@ and X, € M(X,...x;) for each i<n. Define A inductively as
A={a, 1y < 5} with maximally possible o<k by putting a, = e and taking @, to be

the first element in f3, ={XeG:X§£Y[M]aﬁ} then clearly Y [M], = G. To

p<r y<8

showthat G Y [M], .Let g€G so =0, forsome ot <K .If g€ A then

y<é

gae[l\/l]ay for some Y <O and gaeY[M]ay, if g,¢Aandg, €p, , so

y<o

g, ¢ Y[M ]aﬁ ,and so 0, eE[M]aﬁ forall B<y . Since a, is the first element for
B<y

B,: that is a <g, for al g, €B, so g, €[M], for some y<3 so

gaeY[M]ay. Hence GcY[M]ay and G=Y [M], . To show that

y<o y<8 y<6
[M ]aﬂ ﬁ[M]ay =¢ whenever <y <O, assume on the contrary, there exists
Xe [M]aﬁ N [M ]ay 80 X=Xg...X, = Yo...¥p, , Wheren,m <, xo = 8g, yo=2a,,
Xiyy € M(X,..X;) fori<nand Y;,, € M(Y,...y;) forj<m. It then follows from the
Lemma (2.4) that either X,.X,,=Y, and X

aomej = Y; (if n>=m)or

Xo =Yoo X and Xj =Xy _pn4j (if n<m). In the first case a4X..X, , =a, so
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a, €[M],, but a, eﬂY[M l., . whichis a contradiction. In the second case since
<r

Xo =0, and Y, =g, forsome 1,0<35, with L<V,s0 g,=0,..0,,, €[M], ,
since  then g, M(g,) ~{ g, u<v }=¢, which is also a contradiction.
Hence the subsets [M ]ay .a, € A, form a partition of G. To prove (2), let a € A and
X €[M], such that X =X,..X, =VY,...Y,, , Where n, m<®, x = yo= acA,
Xy € M(X,..x;) fori<nand y;,; € M(Y,...y;) forj<mandn>m. It then follows
from the Lemma (2.4) that Xo...X, 1, = Yo and Xp_pmj =YjforO< j<m so we
have two cases.

(i) If m = nthen x; = y; for each j <m . Hence (2) holds.

(@i)) If n > mthen X,..X,_, =Y, =X,. This is a contradiction with X, # X,...X,,_, -
Hence this case is impossible.

Definition:2.6 A subset A is a locally maximal discrete subset of G with respect to e, if
for every discrete subset B < Gsuch that AnU < BU for some neighborhood U
of e, there is a neighborhood V of e such that ANV =BV .

Definition:2.7 A continuous mapping f:G — G from a group onto itself, where the
topology on G is left invariant is a local homeomorphism if for every X € G \{e}, there is
a neighborhood U, of e such that T (Xy) =F(X)f(y) forall yeU, \{€}. A local

homeomorphism f :G — G is onto if for every neighborhood U of e, f (U \{e}) =G

Definition:2.8 A left invariant topology on a group G has no local homeomorphisms

other than local translations if for every @,b € G and for every homeomorphism f of a
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neighborhoodof a onto a neighborhood of b with f (@) =, there is a neighborhood U of a

such that f (x) =ba™x forall xeU .

Now using Lemma (2.5) we can deduce the main properties of the topologies determined

by strongly discrete filters.

Theorem:2.9 LetF be a strongly discrete filter on Gand G = (G, z'[f]) Then
(1) G is Zero - dimensional and Hausdorff,

() thereis D € ‘F such that

(i) Dis astrongly discrete subset of G with exactly one accumulation point e,

(i) for every A€ Fwith Ac D , Ais a locally maximal discrete subset of G with

respect to e.

(3) whenever f:G — G isahomeomorphismand xeG , f(XF) = f(X)F.

Furthermore, if in addition ‘F is an ultrafilter, then

(4) G is extremally disconnected,

(5) G has no local homeomorphisms other than local translations.
Proof:Let M :G — ‘F be a mapping guaranteed by Lemma (2.5).

(1) By Corollary (1.15) we have G is T;. It suffices to check that G has a neighborhood
base at e of clopen sets. Let N:G — ‘F be any mapping with N(X) < M(X) and by
Theorem (1,15) the subsets of the form [N], are the open neighborhoods of e in z[ F]. To
show that [N], is closed neighborhood of e in7[ F]. It suffices to show that G \ [N], is

open neighborhood ; that is for every Yy ¢ [N]e there exists an open neighborhood [N],

containing y such that Y €[N], and [N], m[N], =¢. Assume the contrary, there
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exist X€[N], M[N], then X =X,..X, = y,...y,, for some n,m<@®,and X; Y
such that xo = e, X, € N(X,...x;) fori<n,yo=yand Y, € N(y,..y;) for j< m.

Write y = Yo @s Yo = Zo...Z, Where k<@ 2z, = e and Z;,, € M(z,...z;) for i<k. Then

i+l
XgeXy =ZgenZy Y1-4-Y iy - It follows from this and Lemma (2.5) (since x is uniquely

n

represented in the form X = X,...X,, , Xo = e, where n <), that K <nand x; = z for

n
each i< K. Hence y €[N], . This is contradiction. Hence G is Zero - dimensional and it

is Hausdorff.

() PutMe)=De F .

(i) We claim that the subsets [M]., where @ € D are pairwise disjoint. It suffices to show
that if x,y,eD with  [M], N[M], #¢ then x; = y; , where

[M],, =% X, 1<n<@ , %, €M (x..%) for each 1<i<n} and

[M], ={Yi-- Xy lsm<o ,y;,; e M(y;....y;) for each 1 < j <m}so there
is x such that Xxe&[M], and xe[M], . S0 X=X;.X;, = Y;...Yp, but then
Xo Xy Xy = Yo Yi--Y, » Where Xo = yo = €. Since X,,Y, € M(€) , it follows from this
and Lemma (2..5) that n=m and x;=y; for each i < N , in particular, x; = y.

To see DU{e} is closed, let e#Xx,€[M] and let [M] ND=#¢. Then

X;..X, =Y, forsome y,eD, 1<n<® and x such that X

i1 € M(X,...x;) for
1<i<n, and then X X;...X, =Y,Y;, where X, = y, = e. Since X, € M(y,) .

Y, € M(X,), it follows from this that n = 1 and x; = y;. Hence D has exactly one

accumulation point e.
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(iii) Let AeF with AcD and let B be a discrete subset of G with
ANU < BNU for some open neighborhood U of e. For every X e AnU , choose a
neighborhood V, of e such that XV, cUand xV, "B={x} .Put
V =(Y, au XV,)U{e} . By Corollary (1.14), V is aneighborhoodof e. Since V < U
then ANV c AnU .

But BNV =B m[(YxeAmU va) U{e}] = [B M (YxeAmU XVx)] U[B m{e}]

=[Y,cav (BAXVIIVI[B{e}] =[Y, py IGIVIB N {E}]

=(AnU)U[BN{e}] ,s0o AU =BV and ANV < BNV . To show that
BNV cCcANV. Let exxeBnNV then XxeB and xeV so there exists
y € ANU such that xe YV, , since YV, "B ={y} then xe{y}=W, NB, so
xeBNnV c ANV .Hence BNV =ANV .

Note that if BNV ={e}then{e}=(AnU)u(B{e})=(AnU){e}so

ANU =¢. This is a contradiction, so e ¢ BNV .

(3) Let D e ‘F be a set satisfying (2). It suffices to show that for every A€ ‘F with
Ac D there exists k € F such that f(XA)=f(X)k . Assume the contrary, so there
exists AeF with Ac D such that f(XA)= f(x)k for any ke F . Since
De F then f(XA)=f(X)D and f(xA)c f(X)D , since D is discrete and f(x) D
is discrete , where X e G, then B= f(X)D\ f(X A) is a discrete subset of G with
cB=BuU{f(x)}, so f*(B)=xD\xA, and f*(B)uUxA=xD. Put
C=f"(B)UxA then C is a discrete subset of G and C\x A= f *(B) with
XAcC . Let U be a neighborhood of x then XANU cCnNU

=(xAU f (B)nU =(xAnU)u(f (B)nU) so
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XA NU c ( XAnU ) U ((C\xA)NU), so (C\xA)NU #¢, and
(CNU)\U nxA)#¢ . Therefore XANU = C U for all neighborhoods U of x.

Hence, XA is not locally maximal with respect to x , which is a contradiction.

(4) If ‘Fis an ultrafilter then by Theorem (1.18) G is a strongly extremally disconnected and

by Theorem (1.17) it is extremally disconnected .

(5) Let f be a homeomorphism of a neighborhood of ac G onto a neighborhood of
b € G with f(a) = b. We have to find a neighborhood U of a such that for every x eU

f(x) = ba 'x. Taking into account (1).We may suppose that f is a homeomorphism of G onto
itself.

We first show that there is N:G — ‘F* such that for every X e Gand Y € N(X) ,
f(xy)=f(X)y.Forevery xeG, defineg, :G —G by g (y)=(f(x))™"f(xy).
To show that gx is a homeomorphism with g.e) = e, if Vy,,y,eG with

9, (Y1) = 9, (¥,) . then (F ()™ f(xy,) =(F (X)) F(xy,) . sof(xy,)=f(xy,).

Since f is a homeomorphism then Xxy; =Xy, , S0 y; = Y,. Hence gy is one - to - one. Since f

is onto then g, is onto. To show that g, is open. Let U be an open set in G then
g,U)= (f (X))_l f(xU). Since G is left invariant topology so xU is open, and since f

is a homeomorphism so f(xU) is open and g,(U) is open. Hence gy is open. To show that

9,(y) = (f (X))_1 f(Xy) is continuous, since g, (Y) :%, f(x)=0, and fis a

homeomorphism so f is acontinuous map, hence ¢y is continuous and

g, (&) = (F ()™ f(xe) = (F(x) ™ f(x) =e.

By 3 9,(F)=(f(x)" f(xF)=(f ()" f(x)F = F Since F is anultrafilter,
it follows from this that there is N(X) € F such that for every ¥ € N(X), g,(y) =y, but
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then g, (y) =(f())" f(¥) L and £(x)g,(¥)=F (), s0 F(x)y="F(xy). Now
choose N :G — Fsuch that for every xe G , and Yy e N(X) , f(xy) = f(x)y and

N(X) € M(X). Put U=[N], and take any xeU . Write x as X=X,...X,, where

N<® , x =aand X, €N(X..X) for each i< n. Then f(X)= f(X,...X,) =

1
f(Xge X 1) X, =
= (X)X X, = T (X)X XXX, = F (%)%, X =ha'x
We now show that how naturally strongly discrete filters arise in left invariant topologies
on groups.

Theorem: 2.10 Let 7 be a regular left invariant topology on G such that the intersection

of < |G| open sets is open and let D be a discrete subset of (G ,T) with exactly one
accumulation point e. Then any filter on G containing D and converging to e is strongly
discrete.

Proof:Let ‘F be a filter on G containing D and converging to e. Enumerate G as
{9, : a <k}, where k = |G| since D is a discrete subset and € € cID \ D then for any
open neighborhood U of e. UND=#¢ . So choose M:G— F such that

M(g,)eF and M(g,)cUND for any open set containing e then

(M (9,)), is a sequence in D and g,M (9,)N Y g;M(g,)=¢; that is
P<a

g,M (g,)is pairwise disjoint for all & <K .

It can be done because (\/)'={V} otherwise there is ¥ < [ <a with
M, 9,3 M (¥,.,9,M(9,)) = ¢, 50 [M], \{g,}g,M(g,)=4 fora

B<ou. Then g, X,-.X, #0s Yp....Y, for some N,M<@and x; ,y; such that
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X1 € M(Xp..%) fori<n, x, =g, ,Y;q € M(Y,...y;) for j<m,and y, =g,

. Buty <O, this is acontradiction. Hence ‘Fis a strongly discrete filter.
The next theorem says that strongly discrete filters exist in profusion on any infinite group.
Theorem:2.12Let {g,:a <k} be a one-to-one enumeration of G, where

k =/ G |> . Then there is a one-to-one k - sequence (X,),., in G such that the subsets

9, X, where X ={X,:a < f <k} are pairwise disjoint.

Proof:Pick as x, any element of G. Now, fixy with 0 <Y < k and assume that we have

constructed a one-to-one sequence (X,) such that the subsets g, X, , where

a<y

X, ={X; @< B <y}, are pairwise disjoint. To show that the subsets g, X are

a.y+l

pairwise disjoint. Choose Xy such thatg, X, # g ,X5, Where <y and pPLo<y

so we have ngy * ngy , where «, <y and a# 3. Hence the

subsets g, X where OL<7Y +1, are also pairwise disjoint.

a.y+l !
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