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ABSTRACT 

Let G be an infinite group with identity e, . Given a filter  F on G let ][F  denotes the 

strongest left invariant topology in which this filter converges to e. We try to describe the 

topology ][F including the case where F is a strongly discrete filter, in this case, we will 

show that (G, ][F ) is a Zero- dimensional and possesses an interesting extremal 

properties. 

Keywords: Left invariant topology,Strongly extremally disconnected,Strongly discrete 

filter. 

1.  INTRODUCTION 

Let G be an infinite group with identity e.Given a filter  Fon G  then there 

exist leftinvarianttopology   on G, that is forevery Ga and U , one 

has Ua . in which this filter converges to e such that  is largest left 

invariantwhich itdenotes by ][F .We will describe ][F  the caseF is 

strongly discrete, that contains the Frechetfilter and there is a map

FGM : such that XM(X), where Gx , pairwise disjoint 

2. LEFT INVARIANT  TOPOLOGY GROUP 

We define translation invariant topology on a group and we establish 

necessary and conditions for a collection of subsets of any group G to be a 

neighborhood base at given point for a left invariant topology. 
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 Definition:1.1Let G be a group, Ga  we define the map GGla :  

[respectively, ]: GGra  by xxl aa )(  [respectively, ])( axxra   for all  

Gx , aa landr , respectively, called the right and left translations of G 

Definition:1.2Let G be an infinite group with identity e. A topology   on G 

is called left invariant if for every Ga  and U , one has Ua . 

Theorem:1.3A topology   on a group G is left invariant if and only if for 

each Ga  the left translation of G onto G is continuous. 

Proof:  Let U be an open set in G, Ga , since UaUla

11 )(   is an open 

set in G so  al  is continuous.Moreover, it is easy to see that the inverse 
1

al  

of al  is the left translation xx a 1:  which is continuous by the same 

argument as above. 

  If UaUlb a  )( , then b=ay for some Uy , so Uyba 1 , 

Ubl 1a
 )( , since 1a

l  is continuous there exists an open set W containing b 

such that 1a
l UW )( so UWa 1 . This implies that UW a , and 

UWb a . SoaU is open in ),( G .      

Example:1.4Let RG , the real line with addition as the group operation 

and with the usual topology, since   is generated by the collection 

},,:),{( bababa  RB , then    ),(),(1 bxbl  aax :y{ R )},( byx a

),( bxx  a   which is open in R . So ),( R in  left invariant    
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Example:1.5Let RG , with the usual addition then G is a group with 

identity 0, }:),{(},{ RR  aa  is a left invariant topology on R . 

Since for any U  with ),(  aU , Rx ,  

),(),(  axaxUx , which is open.  

Lemma: 1.6 Let 
21 ,   be two left invariant topologies on a group G, 

with identity e. If the neighborhoods of e in 
1 are contained in 

2 then 

21   .  

Proof: Let W be an open subset in 
1 and let Wx , since 

1 is a left 

invariant then WxWlx

11 )(    is an open set containing e; that is Wx 1 is a 

neighborhood of e in 1 . Thus Wx 1  is a neighborhood of e in 
2 , from 

the assumption of the Lemma so there exists 
2U  such that 

WxUe 1 . This implies )( 1WxxxUx  , since 
2  is left invariant so 

xU is open in 
2  so )( 1Wxx   is a neighborhood of x, hence W contains a 

neighborhood in 2  for each of its points so W is open in 2 . Therefore 

21   .   

Theorem: 1.7IfB  is a basis for the neighborhood system at e in a left 

invariant topology on a group G, then for any }U:U{, B aGa  form a 

base for the topology of G. 

Proof: Let Ga and let W be an open set containing a of a left invariant 

topology   on G, so W)W( 11   ala  is an open set containing e, so there is a 

neighborhood V of e such that WV 1 a . But B  is a neighborhood base at 
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e, so there exists BU  such that WVUe 1 a , and hence 

WUe 1 a . This implies WU a , which proves that }U:U{ Ba  is a 

base for the topology 


.      

Theorem:1.8 Let G be a group with identity e. A family u of subsets of G is 

a neighborhood basis at e of open sets for some left-invariant topology     

on G if u satisfies the following properties. 

(i) Ue  for all uU  . 

(ii) u is a filter base.  

(iii) If uU   then  Ux 1  F for each Ux , where F is the filter 

generated by u. 

Proof:  If u is a neighborhood basis at e of open sets for a left invariant 

topology on G. 

(i) it is clear that Ue  for all uU  . 

(ii) Let uUU 21, , since u is a neighborhood basis at e consisting of open 

sets so there exists uU 3  such that 213 UUU  ; that is uis afilter base 

for some filter on G. 

(iii) If uU   is open set in   then for each Ux  there exists   a 

neighborhood W with UWx  , since W is a neighborhood  of x, then 

there is V  with WVx  , so WxVxe 11   , since xl  is continuous, 

then V)V( 11   xlx  is open and Wx 1 is a neighborhood at  e. But u is a 
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neighborhood basis at  e, so there exists uU 0  such that WxUe 1

0

 , 

so  Wx 1 F, and since UxWx 11   . Hence  Ux 1  F for each Ux . 

  Let u be a collection of subsets of G satisfying (i), (ii), (iii) for each 

Gx , let }:{ uu UxUx  , if xuVV 21,  then 
222111 , UxVUxV   for 

some uUU 21, , by (ii) there exists uU 3  with 213 UUU  so 

21213 )( xUxUUUxxU   ; that is there is xuxUV  33  such that 

213 VVV  . Let xUy  for some uU  , then bxy   for some Ub , 

by (iii)  Ub 1 F, so there exist uU 0  with UbU 1

0

 . 

Note that if 0Uz  then Uzb  , Now yUyU 0 , we need to show that 

xUyU 0 . Since bxy  , for any 0Uz  we have 

xdzbxzbxyz  )()(   for some Ud   so xUyz   for any 0Uz , that 

is xUyU 0 , hence ux is a neighborhood base at x for some topology    

on G.  Let W be an open set, then for each Wx  there exist xx uxU    

such that WxUx x  , 
Wx

xxUW


 . Then for any Ga , 


Wx

x

Wx

x UxaxUa(aW


 )() , which is open,  therefore  is left invariant. 

For each uU  , Ux  there exists uU 0  such that UxUx  0 , 

where x0xU u . So any member of u is open.      

Theorem:1.9 Let G be an infinite group with identity e. Given a filter F on 

G.  Then there exist a left invariant topology    on G in which F converges 
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to e such that  is the largest left invariant topology on G in which F 

converges to e. 

Proof:Let  :{  is a left invariant topology on G in which F 

converges to e in }),( G . Then   since the trivial topology is in  . 

Let )(eN   be the neighborhood base of e in ),( G  for all  . Let 

)(eNN    . Let BB :{B  is a finite intersection of some members 

of  N}; that is for every BB  then 
n

i

iUB
1

 , where 
i

NiU  , ni 1 .  

Note that BN  and for any 
n

i

iUB
1

 , Gx , 
n

i

iUxBx
1

)(





n

i

ixU
1

)(


 .  Now, the collection   consists of G, , all unions of 

members of  the collection },:{ GxBxB B  is a left invariant topology 

on G, and   is the largest left invariant topology on G in which F converges 

to  e. Since if   is a left invariant topology on G such that F converges to  e 

in ),(  G  then   and ,)( NN e  )()( ee NN   , and by Lemma 

(1.6)   .     

 Definition:1.10 For every filter F on a group G denote by   [F]the largest 

left invariant topology on G in which F converges to the identity of G. 

Definition:1.11 If  Gis agroup, P(G)G:M    a mapping, where   P(G) is 

the power set of G, and Ga , define P(G)[M] a  by  
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axxxxa  0n10 ,n:...{][M  and }neachfor )...M( 101  ixxxx ii
. 

Lemma:1.12 If G is a group, F  is a filter on G, and FGM : then : 

(i) If ax [M]  then ax [M][M]  . 

(ii) If FGN : , then aaa KN ][][[M]  , where FGK :  is defined 

by )()()( xNxMxK  . 

(iii) For every Gb , aba Nb ][[M]   ,where FG:N  is defined by 

)()( 1xbMxN  . 

Proof: (i) Let ax [M] and xMy ][  then y is in the form ,y...yyy m10

0, yxm  and )...( 211 ii yyyMy 


 for each i<m, since 
ax [M]  so 

,...10 nxxxx  axn  0,  and )...( 211 ii xxxMx 


 for eachi<n  so 

amKmn zzzayyyxxxay [M]......... 212121  
, where  10 , zaz

,,...1 nK xzx  mmKK yzyz   ...,11
 . Hence 

ax [M][M]  . 

(ii) If 
aKx ][ so 

nxxxx ...10  , axn  0,  and )...( 101 ii xxxKx 


 

for each  i<n . 

If n = 1 then 
10 xxx  , where  )()( 001 xNxMx   ;  that is    1x

)()( aNaM  , so aa Nx ][]M[  . Suppose n >1, if 

an Kxxxx ][...10  , ax 0
 and )...()...( 10101 iii xxxNxxxMx 


 for 

eachi<n, so 
nnn yxxxxxx  110 ... , by induction we have 

aa Ny ][[M]  .  
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Now,   )...( 110 nn xxxKx ,)...()...( 110110   nn xxxNxxxM

  )...()...( 110110 nnn xxxNyxxxMyyx )...( 10 nxxxKy  ; that is 

aa Nx ][[M]  ,  so 
aaa NKx ][[M]][  . 

(iii) axnxxbxb na  010 ,:...{[M]   and )...( 101 ii xxxMx 


for each n}i . 

= axnxxbx n  010 ,:...{  and )...( 10

1

1 ii xxxbbMx 


 for each }ni . 

= abbxnxxbx n  010 ,:...{  and )...( 101 ii xxxbNx 


for each }ni . 

abN][ .  

 Theorem: 1.13 For every filter F  on G and a G, the subsets of the form 

a[M] , where FGM : , are precisely the open neighborhoods of a G in  

 [F]. 

Proof: Let U be an open neighborhood of a G in any left-invariant 

topology on G in which F converges to e. Define FGM : by 



 




.

,
)(

1

otherwiseG

UxifUx
xM  

To show that Ua [M] . 

Let ay [M] , then nxxxy ...10 , where n< , ax 0  and )...( 101 ii xxxMx 


, 

by induction on n, if n=1 say 110 xaxxy   with UaaMx 1

1 )(  , and so 

zax 1

1

 , where Uz , and then Uzzaaxay  1

1
. So Ua [M]

.Suppose n>1, and
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ay [M] , so nxxxy ...10 , n > , ax 0 , and )...( 101 ii xxxMx 


, then 

nnn txxxxxy  110 ... . By induction we have Ut  and 

,)()...( 1

110 UttMxxxMx nn



  so wtxn

1  , where Uw , then 

Uwwtty  1 , and so Ua [M] . 

Now, let Uy  then )( 1yaay  , and since Uy  then 

),()( 11 aMUaya    so aU [M] . Hence Ua [M] .  

Conversely, by Lemma (1.12) (i , ii) the subsets a[M] , where a G form the 

open neighborhood system for a topology and by Lemma (1.12) (iii) , this 

topology is left invariant.       

Corollary: 1.14 Let F be a filter on G, let AF , and for every x A, Let 

Ux be aneighborhood of e in  [F] . Then }{)( exU x
Ax




  is a 

neighborhood of e in  [F]. 

Proof: Without loss of generality, for every x A pick an open 

neighborhoodUx of e such that UxF . Since  [F] is left invariant then 

xUx is open, and that 
x

Ax

xUU


  is open. Define FGM :  by  













 

.

,

,

)( 1

otherwiseG

UxifUx

exifA

xM  

To show that }{][ eUM e  . 
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If eMx ][  then nxxxx ...10 , n< , ex 0 and 
1ix )...( 10 ixxxM  ,

AeMx  )(1
 and UxexMx 1

112 )(   then yxx 1

12

 ,  where Uy  and

Uyxx 21
, by induction we have Uxxxt n  121 ... .  So 

,)()...( 1

110 UttMxxxMx nn



  wtxn

1 , where Uw , then 

wxxxxtxx nnn  121 ... , and so }{][ eUM e  . 

Now, if }{eUye   then  xxUy  for some Ax , so y = x z for some 

xUz , since y = x z then )(11 xMUxyxz   , and AeMx  )( , so 

eMzxey ][ , and eMeU ][}{  . Hence eM ][ }{eU  .    

Corollary: 1.15If 


F
F F

  then  [F] is a T1- topology.  

Definition:1.16  A topological space X is called strongly extremally 

disconnected  

if for every open nonclosed subset U in X there exists UUclg \  such 

that }{gU   is a neighborhood of g. 

Theorem:1. 17 Every strongly extremally disconnected topological space is 

extremally disconnected. 

Proof:Let X be a strongly extremally disconnected space and suppose it is 

not extremally disconnected, so there exists an open subset U such that clU 

is not a neighborhood of some element Uclg .  Put V=X\clU, then Vg

.SinceclU is not a neighborhood of g so  ccclUclclUg ])([)(int  , so 

cclUclg )( , since clV=cl  )(\ clUX cclUcl )( , so VVclg \  , and V 
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is an open nonclosed subset. Since X is strongly extremally disconnected, 

there exists VVclh \  such that Vh }{ is aneighborhood of h, so there 

exists an open set W containing h with  )\(}{ UclXhWh  . But 

UUclh \ , so UW , and UWh  , so UXW \ , and 

UclXW \ , which is a contradiction. Hence X is extremally disconnected 

space.      

Theorem:1. 18 For every non-principal ultrafilter F on G,  [F] is a 

strongly extremally disconnected T1- topology. 

Proof:That  [F] is T1- topology follows from Corollary(1.15). To prove 

that  [F] is strongly extremally disconnected. Let U be an open subset of 

(G,  [F] )  with UUcle \  and let C = G \ U, Ce . Suppose there is 

Ca  with UclUa \ such that U aF,where aF= }:{ FFFa  ; that is 

there exists FF  with 

aF U  , so F Ua 1
, and   Ua 1 F, so we can choose FGM :  and       

M(a) F, with M(a) Ua 1
, soaM(a)U . Since U is open, for every 

Ux  choose M(x) F and )(xMe  with UxxM )( , so aM(a)

UxxM )(  for all Ux , a C  then aM ][ }{aU  . Hence }{U a  is 

a neighborhood of a , otherwise UxxM )(  for all Cx  ; that is for 

every Cx , C xF , where xF = }:{ FFFx . So  Cx 1 F , and for 

every Cx  we can choose  FGM :  such that for every Cx , )(xM
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F and )(xM Cx 1
, so CxxM )( . Since Ce  then UGCM e \][  , 

UM e][ , so clUe , which is acontraduction.      

We now turn to the topology   [F] .in the case when F is a strongly 

discrete filter. 

3. STRONGLY DISCRETE FILTER 

Definition: 2.1 A subset D of a space X is called strongly discrete iffor every Dx  

there exists a neighborhoodUx of x such that the collection }Dx:U{ x   is pairwise 

disjoint. 

Lemma:2.2 Every countable discrete subset of a regular space is strongly discrete. 

Proof:Let 
 ii}{dD  be a countable discrete subset in a regularspace  X. For each i there 

is an open set iU  in X such that }{U ii dD  . 

Let 11 UW   

222 \UUW   

121

2133

\

\





nnn UUUUW

UUUW







 

Then 


1kW )( k are pairwise disjoint sets.   
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Definition:2.3 A filter F on a group G is strongly discrete if F contains the chete~Fr  

filter and there is a map FGM :  such that all the subsets xM(x), where Gx  are 

pairwise disjoint. 

Lemma:  2.4 Let )(: GPGM   be any mapping such that the subsets xM(x), where 

Gx , are pairwise disjoint, and let myy ......xx 0n0   for some n, m <   and 

G,x ji y  such that )x...M(xx 01 ii  for i< n and )y...M(yy j01j for j< m. Then 

either 0mn0...xx y  and jy jmnx  for mj 0 if mn   , or nmyy  ...x 00  

and xi = ym–n+i  for ni 0  if n < m. 

Proof:We proceed by induction on n,m , if min {n , m} = m = 0 then mn0...xx 

0n0...xx y . Similarly if min {n , m} = n = 0. Suppose 1n0...xx  110 ...  myy  for 

some n–1, m–1 <  and G,x ji y  such that )x...M(xx 01 ii   for i< n–1 and 

)y...M(yy j01j  for j<m–1, then either 01)(m1)(n0...xx y  and jy j1)(m1)(nx  

for 10  mj  if mn   or )1()1(00 ...x  nmyy  and inmi x  )1()1(x  for 

i< n–1 if   n< m. To show that xn = ym. Assume the contrary  mynx ,where 

)x...M(xx 1n0n  and )y...(yMy 1m0m   ; that is  nx1n0...xx mm yyy 10...   

as   )...(...)...(...xx 1010101-n0 mmn yyMyyyxxM  which is contradiction 

with 1101-n10 ......xxx  myyy . Hence  xn = ym.    

 Lemma:   2.5 Let F be a strongly discrete filter on G. Then there are FGM :  and 

GA  with Ae  such that 

(1) the subsets [M]a , where  a A , form a partition of G, 
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(2)  for every a A , and for every x [M]a , x is uniquely represented in the form 

n0...xxx , where n < , x0 = a and )x...M(xx 01 ii   for i<n. 

Proof:Let k  =  |G| enumerate G as }:{ kg  ,  since  F  is  a strongly discrete filter 

on G, we can choose FGM :  such that for every )(,  gMgk   pairwise 

disjoint and   }:{)( ggMg  then nxx ...0
}:{  g whenever 

gx 0 , 0 < n <  and )x...M(xx 01 ii   for each i<n. Define A inductively as 

}:{   aA  with maximally possible k  by putting a0 = e and taking a  to be 

the first element in }][:{ 


 




 aMxGx  then clearly 






GM a][ . To 

show that 






 aMG ][  . Let Gg  so gg  for some k . If  Ag  then 

 aMg ][  for some   and 


 



 aMg ][ , if Ag  and  g  , so 




 



 aMg ][  , and so 
 aMg ][  for all   . Since a  is the first element for 

 ; that is  ga   for all  g  so 
 aMg ][  for some   so 




 



 aMg ][ . Hence 






 aMG ][  and 





 aMG ][ . To show that  



 aa MM ][][  whenever   , assume on the contrary, there exists 

 aa MMx ][][   so n0 x...xx  = m0...yy  , where n, m < , x0 = a , y0= a , 

)x...M(xx 01 ii   for i< n and 1y j )y...M(y j0   for j< m. It then follows from the 

Lemma (2.4) that either 0mn0...xx y  and )(x jmn mnify j  or 

nm00 ...xyx   and ii  nmxx  (if  n< m). In the first case  axxa mn ...1  so 
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a
aM ][  but a 






 aM ][ ,  which is    a contradiction.  In the second case since 

gx 0  and gy 0  for some  , , with  , so 
 gnm Mggg ][...    , 

since 


 then   }:{)( ggMg , which is also a contradiction.  

Hence the subsets 
aM ][ , Aa , form a partition of G. To prove (2), let Aa  and 

aMx ][  such that  n0...xxx m0...yy  , where  n, m< , x0 = y0 = Aa , 

)x...M(xx 01 ii   for i< n and )y...M(yy j01 j   for j<m and mn  . It then follows 

from the Lemma (2.4) that 0mn0...xx y  and jjmn yx  for mj 0  so we 

have two cases. 

(i) If m = n then xj = yj for each mj   . Hence (2) holds. 

(ii) If n > m then  mn0...xx 00 xy  . This is a contradiction with mn00 ...xxx  . 

Hence this case is impossible.    

Definition:2.6 A subset A is a locally maximal discrete subset of G with respect to  e, if 

for every discrete subset  GB  such that UBUA   for some neighborhood U 

of e, there is a neighborhood V of e such that VBVA   . 

Definition:2.7 A continuous mapping GGf :   from a group onto itself, where the 

topology on G is left invariant is a local homeomorphism if for every }{\ eGx ,  there is 

a neighborhood Ux of e such that  for all }{\ eUy x . A local 

homeomorphism GGf :  is onto if for every neighborhood U of e,   GeUf }{\  

Definition:2.8 A left invariant topology on a group G has no local homeomorphisms 

other than local translations if for every Gba ,  and for every homeomorphism f  of a 

)y(f)x(f)xy(f 
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neighborhoodof a onto a neighborhood of b with baf )( , there is a neighborhood U of a 

such that xabxf 1)(   for all Ux . 

Now using Lemma (2.5) we can deduce the main properties of the topologies determined 

by strongly discrete filters. 

Theorem:2.9  LetF be a strongly discrete filter on G and  ][, FGG  .  Then 

(1) G is Zero - dimensional and Hausdorff, 

(2) there is FD  such that 

(i) D is a strongly  discrete subset of  G  with exactly one  accumulation point e, 

(ii) for every FA with DA  , A is a locally maximal discrete subset of G with 

respect to e. 

(3) whenever GGf :  is a homeomorphism and Gx  , FF )()( xfxf  . 

Furthermore, if in addition F  is an ultrafilter, then 

(4) G is extremally disconnected, 

(5) G has no local homeomorphisms other than local translations. 

Proof:Let FGM :  be a mapping guaranteed by Lemma (2.5). 

(1) By Corollary (1.15) we have G is T1. It suffices to check that G has ahneighborhood 

base at e  of clopen sets. Let FGN :  be any mapping with )()( xMxN   and by 

Theorem (1,15) the subsets of the form [N]e are the open neighborhoods of e  in ][F . To 

show that [N]e is closed neighborhood of e  in ][F . It suffices  to show that G \ [N]e is 

open neighborhood ; that is for every eNy ][  there exists an open neighborhood [N]y 

containing y such that yNy ][  and  ey NN ][][ . Assume the contrary, there 
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exist ey NNx ][][   then  n0...xxx m0...yy  for some  n ,m < , and jy,x i  

such that  x0 = e,  )x...N(xx 01 ii    for i<n , y0 = y and )y...N(yy j01j for j< m. 

Write y = y0 as y0 = z0…zk, where k< , z0 = e and )z...M(zz 01 ii  for i<k. Then 

n0...xx  = k0...zz m1...yy . It follows from this and Lemma (2.5) (since x is uniquely 

represented in the  form n0...xxx   , x0 = e, where n < ), that nk  and xi = zi for 

each  i k . Hence eNy ][ . This is contradiction. Hence G is Zero - dimensional and it 

is Hausdorff. 

(2) Put M(e) = FD  .
 

(i) We claim that the subsets [M]a , where Da  are pairwise disjoint. It suffices to show 

that if Dyx 11,   with 
11

][][ yx MM   then x1 = y1 , where 

}1)...(,1:...{][ 1111
nieachforxxMxnxxM iimx    and  

}1)....(,1:....{][ 1111
mjeachforyyMymxyM jjmy   so there 

is x such that  
1

][ xMx and 
1

][ yMx  . So 
n1...xxx   = 

m1...yy , but then 

n10 ...xxx  = m10 ...yyy  , where x0 = y0 = e. Since )M(ey,x 11   , it follows from this 

and Lemma (2..5) that n=m and xi=yi for each i n  , in particular, x1 = y1. 

To see }{eD  is closed, let e1 M][xe   and let D
1xM][ . Then 

1n1...xx y  for some  n1,Dy1   and xi such that    1ix )...( 1 ixxM for 

ni 1 , and then 10n10 ...xxx yy , where  x0 = y0 = e. Since )M(yx 01  ,

)M(xy 01 , it follows from this that n = 1 and x1 = y1. Hence D has exactly one 

accumulation point e. 
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(iii) Let FA   with DA  and let B be a discrete subset of G with   

UBUA   for some open neighborhood U of e. For every UAx  , choose a 

neighborhood Vx of e such that  UxVx  and }{xBxVx   .Put 

}{)( exVV xUAx    . By Corollary (1.14), V is aneighborhoodof e. Since UV 

then UAVA   . 

But }]{)[( exVBVB xUAx   }]{[)]([ eBxVB xUAx    

}]{[)]([ eBxVB xUAx   }]{[}]{[ eBxUAx    

}]{[)( eBUA   , so VBUA   and VBVA  . To show that 

VAVB  . Let VBxe   then  Bx  and Vx  so there exists 

UAy   such that yVyx , since }{yBVy y   then ByVyx y  }{ , so 

VAVBx   .Hence VAVB   . 

Note that if }{eVB  then }{)()}{()(}{ eUAeBUAe  so 

UA . This is a contradiction, so VBe  . 

(3) Let FD   be a set satisfying (2). It suffices to show that for every FA  with 

DA  there exists  Fk  such that kxfAxf )()(  . Assume the contrary, so there 

exists FA  with DA   such that kxfxAf )()(   for any Fk  . Since 

FD  then DxfAxf )()(   and DxfAxf )()(   , since D is discrete and f(x) D 

is discrete , where Gx ,  then )(\)( AxfDxfB    is  a discrete subset of G with 

})({ xfBclB  , so AxDxBf \)(1 
, and DxAxBf  )(1

. Put 

AxBfC   )(1
 then C is a discrete subset of G and )(\ 1 BfAxC   with 

CAx   . Let U be a neighborhood of x then UCUAx 

UBfAx   ))(( 1 ))(()( 1 UBfUAx  
,so 
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))\(()( UAxCUAxUAx  , so UAxC )\( , and 

 )(\)( AxUUC   . Therefore UCUxA   for all neighborhoods U of x. 

Hence, XA is not locally maximal with respect to x , which is   a contradiction. 

(4) If F is an ultrafilter then by Theorem (1.18) G is a strongly extremally disconnected and 

by Theorem (1.17) it is extremally  disconnected . 

(5) Let f be a homeomorphism of a neighborhood of  a G  onto      a neighborhood of  

Gb   with f(a) = b. We have to find a neighborhood U of a such that for every Ux  , 

f(x) = ba
–1

x. Taking into account (1).We may suppose that f is a homeomorphism of G onto 

itself. 

We first show that there is FGN :  such that for every Gx and )(xNy  ,

yxfxyf )()(  . For every Gx , define GGgx :  by )(yg x )())(( 1 xyfxf 
. 

To show that gx is a homeomorphism with gx(e) = e, if Gyy 21,  with 

)()( 21 ygyg xx  , then     )()()()( 2

1

1

1
xyfxfxyfxf


  , so )()( 21 xyfxyf  . 

Since f is a homeomorphism then  xy1 = xy2 , so  y1 = y2.  Hence gx  is one - to - one. Since f 

is onto then gx is onto. To show that gx is open. Let U be an open set in G then 

  )()()(
1

xUfxfUgx


 . Since G is left invariant topology so xU is open, and since f 

is a homeomorphism so f(xU) is open and gx(U) is open. Hence gx is open. To show that 

  )()()(
1

xyfxfygx


  is continuous, since 0)(,

)(

)(
)(  xf

xf

xyf
yg x , and f is a 

homeomorphism so f is acontinuous map, hence gx is continuous and 

  


)()()(
1

xefxfegx exfxf  )())(( 1
. 

By (3)     FFFF 


)()()()()(
11

xfxfxfxfgx
.Since F  is anultrafilter, 

it follows from this that there is F)(xN  such that for every )(xNy , gx(y) = y, but 
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then   )()()(
1

xyfxfygx


  , and )()()( xyfygxf x  , so )()( xyfyxf  . Now 

choose FGN : such that for every Gx  , and  )(xNy  , f(xy) = f(x)y and 

)()( xMxN  . Put U=[N]a and take any Ux  . Write x as ,...0 nxxx  where 

n  , x0 = a and )...( 01 ii xxNx   for each i< n. Then  )...()( 0 nxxfxf

...)...( 10  nn xxxf  

= nxxxf ...)( 10 nxxxxxf ...)( 10

1

00

 xabxxxf 11

00 )(   .   

We now show that how naturally strongly discrete filters arise in left invariant topologies 

on groups.  

Theorem: 2.10 Let   be a regular left invariant topology on G such that the intersection 

of < |G| open sets is open and let D be a discrete subset of   (G ,  ) with exactly one 

accumulation point e. Then any filter on G containing D and converging to e is strongly 

discrete. 

Proof:Let F be a filter on G containing D and converging to e. Enumerate G as

}:{ kg  , where k = |G| since D is a discrete subset and DclDe \  then for any 

open neighborhood U of e. DU  . So choose FGM :  such that 

F)( gM  and DUgM )(    for any open set containing e then 

kgM  ))((  is a sequence in D and 


 


 )()( gMggMg ; that is 

)(  gMg is pairwise disjoint for all k . 

It can be done because }{)( VV  , otherwise there is    with 


  ))((}{\][ gMggM g  , so 

 )(}{\][ gMggM g
 for all 

 . Then mn yygxxg ....... 11     for some mn, and xi ,yj such that 
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)...( 01 ii xxMx   for i<n , 
gx 0

 , mjforyyMy jj  )...( 01 , and gy 0

.  But  , this is acontradiction.  Hence F is a strongly discrete filter.  

The next theorem says that strongly discrete filters exist in profusion on any infinite group.    

Theorem:2.12Let }:{ kg   be a one-to-one enumeration of G, where 

 || Gk . Then there is a one-to-one k - sequence kx  )(  in G such that the subsets 

 Xg , where }:{ kxX  
 , are pairwise disjoint. 

Proof:Pick as x0 any element of G. Now, fix   with 0 <  < k and assume that we have 

constructed a one-to-one sequence 
 )(x  such that the subsets 

 .Xg , where 

}:{.   xX , are pairwise disjoint. To show that the subsets 
1.  Xg  are 

pairwise disjoint. Choose x  such that
 xgxg  , where    and    , 

so we have   xgxg   , where  ,  and   . Hence the  

subsets 
1.  Xg  , where  +1 , are also  pairwise disjoint.   
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