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ABSTRACT
The critical temperatures of the mixed spin-2 and spin-7/2 Ising ferrimagnetic system with
two crystal-field interactions, DA for spin-2 and DB for spin-7/2, are investigated in the
absence of an external magnetic field by using the mean-field theory based on Bogoliubov
inequality for the free energy. The ground-state phase diagram is constructed.The phase
diagrams of the critical temperatures are obtained in the temperature-anisotropy plane and
the thermal variation of the sublattice magnetizations is investigated in detail. Besides the
second-order phase transition lines, two types of the first-order lines; one ending at
tricritical points and the other ending at isolated critical points, are found.

Keywords:Mixed spin system; Ising model; Sublattice magnetization; Critical points;
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1. INTRODUCTION
In the last three decades,mixed spin Ising ferrimagnetic systems have

attracted much interest because of their critical behaviors and that they have

less translational symmetry than their single-spin counterparts since they

consist of two interpenetrating unequivalent sublattices. For this reason,

theyhave been proposed as possible models to describe a certain type of

molecular-based magnetic materials studied experimentally [1–4].These
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materials include bimetallic molecular-based magnetic materials in which

two kinds of magnetic atoms alternate regularly and exhibit ferrimagnetic

properties. The bimetallic chain complex MnNi(EDTA)−6H20 is an example

of an experimental mixed-spin system [5]. Moreover, the increasing interest

in these systems is mainly related to their technological applications in the

area of thermomagnetic recording [6,7].Therefore, the synthesis of new

ferrimagnetic materials isan active field in material science.

One of the earliest, simplest and the most extensively systems to be studied

were the mixed-spin Ising systems consisting of spin-1/2 and spin-S (S >

1/2) in a uniaxial crystal field. In these systems,different approaches have

been used: mean-field approximation [8], effective-field theory with

correlations [9-15], cluster variational theory [16], renormalization-group

technique [17] and Monte-Carlo simulation [18-26]. Mixed-spin Ising

systems consisting of higher spins are not without interest. Indeed, several

theoretical studies of mixed spin-1 and spin-3/2 Ising models based on

different approaches have been reported: the effective-field theory, on the

simple cubic, honeycomb and square lattices [27-29 ], mean-field theory

based on the Bogoliubov inequality for Gibbs free energy [30]and by means

of recursion relations on the Bethe lattice [31], and Monte Carlo simulation

[32].

Recently, The attention was devoted to the high order mixed spin

ferrimagnetic systems (mixed spin-3/2 and spin-2 ferrimagnetic system,

mixed spin-2 and spin-5/2 ferrimagnetic system and mixed spin-3/2 and

spin-5/2 system) in order to construct their phase diagrams in the

temperature- anisotropy plane and to consider their magnetic properties. The
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effect of a single-ion anisotropy on the phase diagrams of the mixed spin-

3/2 and spin-2 Ising system by the use of the mean-field theory based on the

Bogoliubov inequality for the free energy was investigated by Bobak and

Dely [33 ]. They presented the phase diagrams and found that the system

exhibit a tricritical point, triple point and an isolated critical point. Albayrak

also used the exact recursion equations to study the mixed spin-3/2 and

spin-2 Ising system with two different crystal-field interactions on Bethe

lattice [34].The effective field theory was also used to investigate the

magnetic properties of the ferrimagnetic mixed spin-3/2 and spin-2 Ising

model under the effect of a longitudinal magnetic field on a honeycomb and

a square lattice [35]. Fathi studied the mixed spin-2 and spin-3/2 [36 ] and

the mixed spin-2 and spin-5/2 [37 ] Ising model with different crystal-fields

for the two sublattices arranged alternatively by using the mean-field theory

based on the Bogoliubov inequality for the free energy. He constructed the

phase diagrams of these two systems and found interesting results. Finally,

critical phenomena in mixed spin-3/2 and spin-5/2 Ising model on a square

lattice was investigated by using Monte Carlo simulation[38].

The aim of this paper is to apply the mean-field theory based on Bogoliubov

inequality for the free energy to construct the phase diagrams of the mixed

spin-2 and spin-7/2 Ising ferrimagnetic system in order to investigate the

effect of the crystal field interactions DA of the sublattice A and DB of the

sublattice B on the critical points (second order, first order and tricritical

temperatures) of this system, as well as the temperature dependences of the

magnetizations in some particular cases.
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The outline of this work is as follows. In Section 2, we define the model and

its solution by using the mean-field theory based on the Bogoliubov

inequality for the free energy. In section 3, the phase diagrams for various

values of the single-ion anisotropies are discussed, as well as the

temperature dependences of the magnetizations in some particular cases.

Finally, Section 4 is devoted to the conclusions.

2. THE MODEL AND FORMULATION

The system we consider is a mixed Ising spin-2 and spin-7/2 ferrimagnetic

system. This system is consisting of two sublattices A and B, which are

arranged alternately. The Hamiltonian of  this system can be written as:

ℋ = ℋ = −J S S, − D S⁄ − D S⁄ (1)
where J (J< 0) is the nearest-neighbour exchange interaction. The sites of

sublattice A are occupied by spins S taking the values of 2, 1, 0 , and the

sites of sublattice Bare occupied by spins S and taking the values of 1/2,

3/2, 5/2,7/2, DA andDBare the crystal–field interactions acting on the

spin-2 and spin-7/2 respectively.The first summation is carried out only over

nearest-neighbour pairs of spins on different sublattices.

The approximated free energy of this system is obtained from a variational

method based on Bogoliubov inequality[39] and is given by the following

inequality.(ℋ ) ≤ ≡ (ℋ) + 〈ℋ −ℋ 〉 , (2)
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where F(ℋ) is the true free energy of the model described by the

Hamiltonian given in (1).F0(ℋ)is the average free energy of a trial

Hamiltonianℋ0 which depends on variational parameters. 〈 ℋ −ℋ 〉0denotes a thermal average of the value ℋ −ℋ over  the ensemble

defined by the trial Hamiltonianℋ .

In this work, we use one of the simplest choices for this trial Hamiltonian

which given by:ℋ = −∑ α S + D S − ∑ α S + D S , (3)

Where α is the variational parameter related to the spin S and is the

variational parameter related to the spin . By evaluating Eq. (2), it is easy

to obtain the expression of the free energy per site in MFA, with respect to

and ,

f ≡ ∅N ≤ − 12β
⎝⎜
⎜⎜⎜
⎜⎜⎛
ln 1 + exp(4βD ) 2cosh(2βα ) + 2A cosh(βα )

+ln
⎝⎜
⎜⎜⎜⎜
⎛ 2exp 49βD4 cosh(3.5 βα )+2exp 25βD4 cosh(2.5 βα )+2exp 9βD4 cosh(1.5 βα )2exp βD4 cosh(0.5 βα ) ⎠⎟

⎟⎟⎟⎟
⎞

⎠⎟
⎟⎟⎟
⎟⎟⎞

+ −zJ〈S 〉 〈S 〉 + α 〈S 〉 + α 〈S 〉 (4)

where N is the total number of sites per lattice, z is the number of nearest-

neighbors for every site and β = .

The sublattice magnetization per site mA is given by:
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m = ( ) ( )( ) ( ) (5)

The sublattice magnetization per site mB is given by:m = 7sinh 72β αA +5Bsinh 52β αA +3 Csinh 32β αA + Dsinh 12βαA2 cosh 72β αA + Bcosh 52β αA +C cosh 32β αA +Dcosh 12 βαA ,
(6)

where,

A=exp(-3DA/kBT), E=exp(-4DA/kBT), B=exp(-6DB/kBT),

C=exp(-10DB/kBT), D=exp(-12DB/kBT).

By minimizing the free energy in Eq. (4) with respect toα and α , we

determine the two variational parameters in the formα = zJm , α = zJm . (7)

As the set of equations (5) –(7) have several solutions for mA and mB, the

stable solution is the one which leads to the minimum free energy f given by

equation (4). In the neighborhood of the second order phase transition points

of the system mA and mB are very small. For this reason, the second-order

transition points can be obtained by expanding equations (4) ـــ (6) to obtain

a Landau-like expansionf = f + am + bm + cm + dm +⋯ (8)

Here, the coefficients f , a, and b of the expansion are given by:

f − ln 1 + 2exp(4βD ) + ln 2exp + 2exp+2exp + 2exp
(9)
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a= (10)

b=

(11)

Where, t = βzJ
From equations (10) an (11), it is clear that the coefficients a and b are even

functions in J. The sublattice magnetizations mA and mB are very small near
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the phase transition from an ordered phase (m ≠ 0,m ≠ 0) to the

disordered (paramagnetic) phase (m = 0, m = 0).
3. RESULTS AND DISCUSSIONS

3.1. Phase diagrams

At zero temperature. By comparing the ground-state energies, given in

Hamiltonian given in eq. (1) of different phases,the ground-state phase

diagram is constructed and is shown in Fig. 1.

As shown in this figure, we find eight ordered ferrimagnetic phases with

different values of {m ,m , q , q }. These ordered phases areO = −2, , 4. ,O = −1, , 1. ,O = −2, , 4. ,O =−1, , 1, , O = −2, , 4, , O = −1, , 1, , O =−2, , 4 , , O = −1, , 1, ,

and four disordered phases:D = 0,0,0. , D = 0,0,0. , D = 0,0,0. ,D = 0,0,0. .

where the parameters q and q are defined by:q = 〈 S 〉, q = 〈 S 〉,
It should be mentioned that the ground state phase diagram is important in

classifying the different phase regions of the model for the phase diagrams

at higher temperatures.



Journal of Humanities and Applied Science (JHAS) Issue No. (28) June 2016

- 42 -

Now, by using the equations given in section 2, the phase diagrams of the

system at finite temperature can be obtained in the (DA, T) and (DB, T)

planes. The resulting phase diagram in the (DA/z|J|, kBT/z|J|) plane is shown

in Fig. 2 for selected values of DB/z|J|. In this figure, the solid and light

dotted lines represents the second-order and first-order transition lines,

respectively, while the heavy dashed curve represents the positions of

tricritical points. These transition lines separate the ordered and the

disordered phases when the temperature T > 0.

Fig..1. Ground-state diagram of the mixed spin-2 and spin-7/2
Ising ferrimagnetic system with the coordination number z and different
crystal-field interactions DA and DB. In this figure, we can see twelve
phases. Eight ordered phases:( , , , , , , , ), separated by
first-order transition lines and four disordered phases ( , , , ).
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It is easy to obtain the second-order phase transition lines from the two

equations (10) and (11) under the conditions a=0 and b>0, while the

tricritical points ( the critical points at which the phase transitions change

from second order to first order) are obtained from the same equations under

the conditions a=0 and b=0, however, the first-order phase transitions must

be determined by comparing the free energy, given in equation (4), of the

ferrimagnetic phase (when the sublattice magnetizations mA and mB given

by equations (5) and (6) are not equal to zero) with the free energy of the

paramagnetic phase (when mA= mB= 0).

From figure (2), we note that there are two saturated tricritical points. The

first point is in the limit of large positive DB, when the spins behave like a

Fig. 2. Phase diagram in the (DA; T) plane for the mixed-spin Ising ferrimagnet
when the value of DB/z|J|is changed. The solid and light dotted lines, respectively,
indicate the second-and the first-order phase transitions, while the heavy dashed
line represents the positions of the tricritical points.



Journal of Humanities and Applied Science (JHAS) Issue No. (28) June 2016

- 44 -

two-level system with = ∓ , and this point has the coordinates (DA/z |J|,

kBTc/z |J|)= (-3.2616, 1.5848), and the second point is in the limit of large

negative DB, when the system becomes equivalent to a mixed spin-2 and

spin- Ising model [8] and has the coordinates (DA/z |J|,kBTc/z|J|)=(-0.4659,

0.2264).For this reason, the coordinates of the first saturated tricritical point

are seven times higher than the coordinates of the second tricritical point.

In Figure 3, It is easy to note that the critical temperatures, which separate

the ferrimagnetic phase from the paramagnetic phase, increase by increasing

the crystal field interaction constants DA/z|J| and DB/z|J|. This figure shows

also that, for the region when the values of DA/z|J| > -0.4659, this mixed-

spin system includes second order phase transition lines only (solid lines),

Fig. 3. Phase diagram in the (DB ,T) plane for the mixed-spin Ising
ferrimagnet when the value of DA/z|J|is changed. The solid and light
dotted lines, respectively, indicate the second- and the first-order phase
transitions, while the heavy dashed line represents the positions of
tricritical points.
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for the region when DA/z|J| < -3.2616, the system gives only first-order

phase transitions and for the region when -3.2616 < DA/z|J|< -0.4659, the

system includes second order transition lines at higher temperatures, and

first order transition lines (light dotted lines) at lower temperatures,

separated by a curve of tricritical points (heavy dashed lines). This results

can be compared with the results given in [30], [36], [37].

3.2. Sublattice magnetizations curves

In this subsection, The change of the sublattice magnetizations mA and mB

with the temperature at different and selected values of the crystal field

constants DA and DB, are obtained by solving the coupled equations (5) and

(6) which are given in section. 2, numerically, and the results are depicted in

Fig (4).

Typical sublattice magnetization curves at a constant value of DA, (DA/z|J| =

0.5) and selected values of DB/z|J,| are shown in Fig. 4. Notice that the

Fig. 4. The temperature dependences of the sublatticemagnetizations
mAandmB for the mixed spin-2 andspin-7/2 Ising ferrimagnet with
DA/z|J|=0.5 when the value of DB/z|J| is changed.
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values of DB/z|J| are selected to be located at the boundaries between the

phases O1,O3,O5 and O7 or very close to them, in the ground state phase

diagram given in Fig 1. As shown in Fig. 4, for DB/z|J| = 0.1 (positive value

which are located far enough from the boundary between the ordered phases

O1 and O3), the sublattice magnetizationmA and mBshow normal thermal

variation behaviour (convex shapes).As DB/z|J| decreases from DB/z|J|= 0.1

and approaches the boundaries between the O1 phase and the O3 phase, the

O3 phase and the O5 phaseor the O5 phase and the O7 phase i.e, DB/z|J|=-0.3,

-0.48 or -0.95 (Note that these points are slightly higher than the

boundaries).

.

In this case, the temperature dependence of mB may exhibit a rather rapid

decrease (damping) from its saturation value at T = 0K with the increase of

m
A

Fig. 5. The temperature dependences of the sublattice magnetizations
mA; mB for the mixed spin-2 and spin-7/ 2 Ising ferrimagnet with DB/z|J|
= 0.1; when the value of DA/z|J| is changed.
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temperature and before mB and mA decrease to zero at the critical point. As

shown in figure (4), when the values of DB/z|J = -0.3, -0.52,-1.05 which are

slightly below the boundaries between O1 and O3, O3 and O5 or O5,and O7,

respectively, the temperature dependence of mB may exhibit initial-rise

(excitation) of mB with the increase of temperature before decreasing to zero

at the critical point. It is clear from fig (4) that at the values of DB/z|J|= -

0.3333, -0.5, -1.0 (located on the boundaries between the mentioned phases

O1, O3, O5 and O7 in the ground state phase diagram) the behaviours of the

sublattice magnetization mB, in this case, is similar to that given in Ref.

[30], [36] and [37]. On the other hand, it is clear from figure (4) that for all

values of DB/z|J| the sublattice magnetization mA may show normal

behaviour (convex shape) even though it is coupled to mB.

The thermal variation of the sublattice magnetizations mA and mB are shown

in Fig. 5 when the value of DB is constant (DB/z|J|=0.1) and with different

values of DA/z|J|. From this figure, it is clear that when the values of DA/z|J|

= -1.175, -1.16 ( very close to the boundary between the ordered phases O1

and O2 in the ground state phase diagram), the sublattice magnetization mA

may exhibit damping or excitation with the increase of temperature before

decreasing to zero at the critical point, but mB may exhibit a normal

behaviour (convex shape). When the value of DA= -3.4 ( Located at the

ordered phase O1 and close to the boundary between this ordered phase and

the disordered phase D1) the sublattice magnetizations mA and mB may

exhibit first order phase transition or jump from a certain value to zero at the

first order critical point Tc.
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3. 3. First order critical lines between the ordered phases

In figure.6.(a), the first orderboundaries between different ferrimagnetic

phases at low temperatures are shown in small range in the (DB, T) plane,

when DA/z|J|=-0.4995 (close to the point (-0.5,-0.5) at the ground state phase

diagram). From this figure, it is clear that the curve which represents the

boundaries between the distinct phases, in this case, can be divided into four

different lines.The first line rises from an isolated critical point at a very low

temperature and terminates at another isolated critical point (these isolated

points are indicated by black circles) and separates the distinct ordered

phases O and O . The second line rises from the boundary between the

ordered phases O and O at T= 0K ,in the ground state phase diagram, and

terminates at triple point T and this line separates the distinct phasesO and O . The third line rises from triple point T and terminates at an

isolated point and separates the distinct phases O and O . The fourth line

rises from the same triple point and terminate at another isolated point and

separates the distinct phasesO and O . In this figure, The second order

phase transition line (solid line) and the first order phase transition line

(dashed line), which separate the ferrimagnetic phase from the paramagnetic

phase, are shown with the tricritical point (black square) that locates

between these two lines.A closer view in the region of DBis shown in

figure.6 (b). In this figure, it is clear that there is a reentrant behaviour near

the triple point. The triple point is the point which locates between three

phases in the system.
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In order to examine the behaviour of the sublattice magnetizations at the

region of the first order transition lines, separated the ordered phases, the

sublattice magnetization curves which refer to the phase diagram given in

Fig. 6. (a) Low-temperature phase diagram in the (DB; T) plane for the system when
DA/z|J|=-0.4995. The solid and dashed lines, respectively, indicate second and first-order
transitions. , , , are distinct ordered ferrimagnetic phases The black circles
correspond to the isolated critical points and T is a triple point. (b) A closer view in the
region of DB to show the reentrant behaviour near the triple point.

Fig. 7 The temperature dependence of the sublattice magnetizations mA; mB for the
mixed-spin Ising ferrimagnet, when the value of DA/z|J =-0.4995 and the value of
DB/z|J| = −0.50035, and refers to the phase diagram in Fig. 6 with four transition
temperature points and one reentrance. The dotted lines indicate the first order
transition and one reentrance.
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figure. 6 are depicted in figure. 7. In this figure, for the values of the

selected crystal field constantsDA/z|J|=-0.4995 and D
B
/z|J|=-0.50035, where

five first transitions ( → → → → → ) occur. Thesublattice

magnetization mB exhibits rather rapid increase with the increase of

temperature from T = 0K to a certain temperature T1, while the

magnetization mB exhibits almost constant behaviour.

4. CONCLUSION
We investigated the phase properties and the magnetic behaviour of  the

mixed spin-2 and spin-7/2 Ising ferrimagnetic system in the framework of

mean field theory. We have shown that the system undergoesfirst order

critical transition lines and second order transition lines separated by

tricritical line. In particular, we have obtained first-order critical lines

separating different ordered phases at low temperatures and terminating at

isolated critical points or triple point. We found that the system also displays

a reentrant behavior close to the triple point location. Furthermore, at

selected values of DA and DB, we have shown that when the temperature of

the ferrimagnetic system increased from 0K to critical point, the sublattice

magnetizations, mA and mB may exhibit four transition points that separate

different ordered phases.
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