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Abstract:  
Let 𝑋 be any set and  𝑓: 𝑋 → 𝑋 be a map. In this paper, the following questions are 

addressed: Can we define a non-discrete topology on 𝑋 with respect to which 𝑓 is an open 

map? When can we endow 𝑋 with a non-discrete topology such that the map 𝑓 is open and 

𝑋 satisfies one of the separation axioms? We answer some of these questions in terms of 

the orbit structure of the map concerned. 
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1.  Introduction 

Let 𝑓 be a self-map on a non-empty set 𝑋. Ellis in [2] asked  the following 

question: is there a non-trivial topology on 𝑋 such that 𝑓 is continuous? 

Groote and Vries in [6] gave the complete answer to this question. In [4] 

and [5], the following questions were answered:  If  𝑓: 𝑋 → 𝑋 is a function,  

when can we put a compact and Hausdorff topology on 𝑋 that makes 𝑓 

continuous (or upper semi-continuous)?. There were some answers to 

similar questions with different topological properties on the set 𝑋; see for 

example [1], [6] and [7].   

In the present paper, we study the following questions: Can we define a  

topology on 𝑋 with respect to which 𝑓 is an open map? Can we define a  

topology on  𝑋 with respect to which 𝑓 is an open map and  𝑋 is a 𝑇0 space, 

a 𝑇1 space, a regular space or a normal space? The answer to most of these 

questions was given in terms of the orbit structure of   𝑓.   

2. Preliminaries 

To state our theorems, we give some  preliminary definitions.  Throughout 

this paper, by a non-discrete topology, we mean a topology that is neither  

discrete nor trivial.  A topological space is normal if every pair of disjoint 

closed sets can be separated by disjoint open sets. A topological space is 

regular if  any closed set 𝐹 and any point 𝑥 not contained in 𝐹 can be 

separated by disjoint open sets.   

Definition 2.1 [4] Let 𝑔: 𝑋 → 𝑋  be a map and let ~ be an equivalence 

relation on 𝑋 defined as: 

𝑥1~ 𝑥2 ⇔  ∃ 𝑛, 𝑘 ∈ ℕ,  𝑔𝑛(𝑥1) = 𝑔𝑘(𝑥2). 

The equivalence classes of the relation ~ are the orbits of 𝑔. 

Definition 2.2 [4] Let 𝑓: 𝑋 → 𝑋   be a map and 𝑂 be an orbit of the map  𝑓. 

1) 𝑂 is called an 𝑛-cycle, for some 𝑛 ∈ ℕ, if there are distinct points 

{𝑦0, … , 𝑦𝑛−1} in 𝑂 such that  𝑓(𝑦𝑘) = 𝑦𝑘+1 ,  where 𝑘 is taken modulo  𝑛. 

2) 𝑂 is called a ℤ-orbit if there are distinct points {𝑦𝑘: 𝑘 ∈ ℤ} ⊆ 𝑂 such that 

𝑓(𝑦𝑘) = 𝑦𝑘+1  for all  𝑘 ∈ ℤ. 

3) 𝑂 is called a ℕ-orbit if there are distinct points {𝑦𝑘: 𝑘 ∈ ℕ} ⊆ 𝑂 such that 

𝑓(𝑦𝑘) = 𝑦𝑘+1  for all  𝑘 ∈ ℕ.  

Observation 2.1 [4] 𝑂 is an ℕ -orbit if it is neither a ℤ-orbit nor an 𝑛 -cycle. 

Observation 2.2 [4] (1) The set 𝑆 = {𝑦𝑘: 𝑘 ∈ 𝐿}  which determines that 𝑂 is 

an  𝑛-cycle, a ℤ-orbit or an  ℕ-orbit of 𝑓 is called a spine for 𝑂, where 𝐿 is 
{0, … , 𝑛},  ℤ or ℕ.  
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(2) The set of all orbits of the map 𝑓 is called the orbit structure of  𝑓. 

Definition 2. 3 [4]   Let 𝑂 be an orbit of a map 𝑓: 𝑋 → 𝑋.  𝑂 is called a 

simple orbit if 𝑓|𝑂  is injective, in other words, the orbit 𝑂  contains only a 

spine.  

3. Open Self-Maps With One Simple Cycle 

Lemma 3.1 Let  𝑋 be a finite topological space and 𝑓: 𝑋 → 𝑋 be an open 

bijection that has only one simple 𝑛-cycle,  then  𝑋 has a pairwise disjoint 

basis {𝐵1, 𝐵2, … , 𝐵𝑚}, where 

1) |𝐵𝑖| = |𝐵𝑗| = 𝑘 for all 𝑖, 𝑗; 

2) 𝑚|𝑛 and  𝑘|𝑛 ; 

3)   𝑘 ≤ |𝑊|  for any  open set 𝑊. 

Proof. Let 𝑈 be a non-empty open subset of 𝑋 with the property that |𝑈| ≤
|𝑊| for any open set 𝑊, so we have  𝑈, 𝑓(𝑈),  𝑓2(𝑈), … , 𝑓𝑛−1(𝑈) are 

open sets with |𝑈| = | 𝑓(𝑈)| =  … = |𝑓𝑛−1(𝑈)| = 𝑘 and 

𝑈 ∪  𝑓(𝑈) ∪ … ∪ 𝑓𝑛−1(𝑈) = 𝑋 

Obviously, any two sets in the collection {𝑈, 𝑓(𝑈),  𝑓2(𝑈), … , 𝑓𝑛−1(𝑈)} are 

either disjoint or equal; because if not, we will  have an open set 𝑉 with 
|𝑉| < |𝑈|, which is a contradiction. 

Let 𝑚 be the smallest integer for which 𝑈, 𝑓(𝑈), 𝑓2(𝑈), … , 𝑓𝑚−1(𝑈) are  

disjoint with 𝑈 ∪  𝑓(𝑈) ∪  𝑓2(𝑈) ∪ … ∪ 𝑓𝑚−1(𝑈) = 𝑋. Clearly, since 

|𝑈| = | 𝑓(𝑈)| =  … = |𝑓𝑚−1(𝑈)| = 𝑘 and |𝑋| = 𝑛, it follows immediately 

that 𝑚|𝑛 and 𝑘|𝑛. 

Finally, we prove that the collection 𝑈, 𝑓(𝑈), 𝑓2(𝑈), … , 𝑓𝑚−1(𝑈) is a 

basis for the topology of 𝑋. Suppose 𝑊 is open and 𝑥 ∈  𝑊, so 𝑥 ∈  𝑓𝑝(𝑈) 

for some 0 ≤ 𝑝 ≤ 𝑚 − 1. If 𝑓𝑝(𝑈) ⊈ 𝑊 then 𝑊 ∩ 𝑓𝑝(𝑈) is open with 
|𝑊 ∩ 𝑓𝑝(𝑈)| < |𝑈|  which is a contradiction. Hence, 𝑥 ∈ 𝑓𝑝(𝑈) ⊆  𝑊 and 

𝑈, 𝑓(𝑈), 𝑓2(𝑈), … , 𝑓𝑚−1(𝑈)  is a basis. 

Corollary 3.1  If 𝑓: 𝑋 → 𝑋 is an  open  bijection having  only  one simple  

𝑞-cycle, where 𝑞 is a prime number, then 𝑋 is either the discrete space or the 

indiscrete space. 

4. Structure of Open Self - Maps on   T0  and T1 Spaces 

Let 𝑋 be an arbitrary set and   𝑓: 𝑋 → 𝑋 be a map. In this section, we will 

investigate the cases in which we can endow 𝑋 with a topology such that  𝑓  

is open  and 𝑋 is a T0  or a T1 space. It is well-known that if 𝑋 is finite 𝑇1 

space, the topology on 𝑋 is the discrete topology. Now, we state our result. 

Theorem 4.1 Let 𝑓 be a map from an arbitrary set 𝑋 to itself. 
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i) If 𝑋 is an infinite set, then  a non-discrete topology can always be defined 

on 𝑋 so that  𝑓 is an open map and  𝑋 is a  𝑇1 space. 

ii) There is a non-discrete topology on 𝑋  with respect to which  𝑓 is an open 

map and  𝑋 is a  𝑇0 space if and only if the orbit structure of  𝑓 is not only 

one simple 𝑛-cycle. 

Proof. i) Let 𝑋 be  infinite and  𝑓: 𝑋 → 𝑋 be a map. We define a topology 𝜏 

on 𝑋 as the topology generated by the collection  

𝒮 = {𝑓𝑘(𝑋), 𝑓𝑘(𝑋 − {𝑎}): 𝑎 ∈ 𝑋, 𝑘 ∈ ℕ} 

 It is simple to check that the map 𝑓 is open. Since 𝜏 contains the co-finite 

topology,  𝑋 is a  𝑇1 space. 

ii) If 𝑋 is infinite, the proof follows from case (i) since every 𝑇1 space is 

also 𝑇0.  If 𝑋 is finite, we have two cases: 

1)  𝑓 has a non-simple cycle, so there is  𝑏 ∈ 𝑋 such that 𝑏 ∉ 𝑓(𝑋). We 

define the excluded point topology on 𝑋, where 𝑏 is the excluded point; so 𝑓 

is open and 𝑋 is a  𝑇0 space. 

2) 𝑓 has more than one simple cycle. If all cycles are 1-cycles, choose a 

point 𝑎 ∈ 𝑋 and let 𝜏𝑎 be the particular point topology on 𝑋. Otherwise, 

choose an 𝑛-cycle 𝑂∗ with |𝑛| > 1 and define 𝜏 as  the topology generated 

by the collection 

𝒮 = {{𝑦} ∪ 𝑂∗: 𝑦 ∈ 𝑋, 𝑦 ∉ 𝑂∗} ∪ {{𝑏}: 𝑏 ∈ 𝑂∗} 

Clearly, 𝑓 is open  and 𝑋 is a  𝑇0 space. 

Now, suppose that  𝑓: 𝑋 → 𝑋 is open with only one simple 𝑛-cycle, then 

there is a basis {𝑉1, 𝑉2, … , 𝑉𝑚} that satisfies the conditions in Lemma 3.1. If 

|𝑉𝑖| = 1, the topology is discrete and if  |𝑉𝑖| > 1 then for any two distinct  

points in 𝑉𝑖 there is no  open set that contains one of these points and not the 

other,  so 𝑋 is not a  𝑇0 space. 

5. Open Maps  on Normal and Regular Spaces 

In this section, the  structure of open maps on regular and normal spaces 

will be studied. If |𝑋| ≤ 2, there is no non-discrete topology that makes 𝑋 a 

regular space;  while there is such a topology that makes 𝑋  normal only 

when 𝑓 has two 1-cycles. 

Before  we state our theorem, recall that if  all open sets in 𝑋 are  clopen, 

then 𝑋 is a regular and normal space.  

Theorem 5.1 Let 𝑓: 𝑋 → 𝑋 be a surjective map  and  |𝑋| > 2. There is 

always  a non-discrete topology on 𝑋  with respect to which  𝑓 is an open 
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map and  𝑋 is a regular and normal space except when 𝑓 has only a simple 

𝑝-cycle, where 𝑝 is prime. 

Proof. From Corollary 3.1, if 𝑓 has only a simple 𝑝-cycle, where 𝑝 is prime, 

then no topology makes 𝑓 an open map.  

Now we prove the existence of a topology that makes 𝑋 a regular and  

normal space  and 𝑓 an open map, we consider the following cases:  

1) 𝑓 is a bijection, so 𝑓 has only simple orbits, we define the  topology 𝜏 on 

𝑋 as follows: 

i) If 𝑓 has only one 𝑛-cycle   𝑂 = {𝑥0, … , 𝑥𝑛−1} and 𝑛 is  not  prime, let 𝑑 <
𝑛 − 1 be the largest divisor of 𝑛 and let 𝐸 = {𝑥𝑚𝑑: 0 ≤ 𝑚 < 𝑑}, where 𝑚𝑑 

is taken modulo 𝑛. Let 𝒮 = {𝐸, 𝑓(𝐸), … , 𝑓𝑑−1(𝐸)} and define a topology on 

𝑋 to be the topology generated by the sub-basis   𝒮. Since the collection 𝒮 is 

pairwise disjoint and 𝑛 is not a prime number, this topology is a non-

discrete topology.  

ii) If the map 𝑓 has only a ℤ-orbit 𝑂, where  𝑂 = {𝑥𝑖: 𝑖 ∈ ℤ}, let  𝜏 =
{𝜙, 𝑋, {𝑥2𝑛}, {𝑥2𝑛+1} ∶ 𝑛 ∈ ℤ}. 

iii) If 𝑓 has more than one simple orbit, choose an orbit 𝑂 and let 𝜏 =
{ 𝜙, 𝑋, 𝑂, 𝑂𝐶}.  

 Obviously, since in each of the cases above, all open sets are clopen, the 

space  𝑋 is normal and regular.  Also, it is simple to check  that   the map 𝑓 

is open. 

2) 𝑓 is not a bijection, choose an orbit of 𝑓 with a spine 𝑆, let 𝜏 be the 

topology  {𝜙, 𝑋, 𝑆, 𝑆𝐶}.  It follows immediately that the map 𝑓 is open and 

the space  𝑋 is normal and regular. 

Corollary 5.1 Let 𝑓: 𝑋 → 𝑋 be any map  on an arbitrary set 𝑋. There is 

always  a non-discrete topology on 𝑋  so that  𝑓 is open and  𝑋 is normal  

except when  𝑓  has only  a simple 𝑝-cycle, where 𝑝 is prime. 

Proof. If 𝑓 is a surjection, the proof follows from Theorem 5.1. If 𝑓 is not a 

surjection, let 𝜏 = {𝜙,   𝑓𝑘(𝑋): 𝑘 ∈ ℕ}, so 𝑓 is open and 𝑋 is normal. 

 Finally,  from  Corollary 5.1  and Corollary 3.1, we have the following. 

Theorem 5.2 Let 𝑓: 𝑋 → 𝑋 be any map, a non-discrete  topology can be 

defined on 𝑋  such that  𝑓 is an open map  if and only if  the orbit structure 

of 𝑓 is not only a simple  𝑞-cycle, where 𝑞 is a  prime number. 
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6. Conclusion 

The study has characterized the orbit structure of open self-maps on 

topological spaces, T0 spaces, T1 spaces and normal space. The case of 

surjective maps on regular spaces has been studied. Further studies and 

more cases can be investigated. The case of injective open  maps on regular 

spaces can be studied. The case of a collection of self-maps on  a 

topological space  might  be studied.  
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