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Abstract:

Let X be any set and f:X — X be a map. In this paper, the following questions are
addressed: Can we define a non-discrete topology on X with respect to which f is an open
map? When can we endow X with a non-discrete topology such that the map f is open and
X satisfies one of the separation axioms? We answer some of these questions in terms of
the orbit structure of the map concerned.
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1. Introduction

Let f be a self-map on a non-empty set X. Ellis in [2] asked the following
question: is there a non-trivial topology on X such that f is continuous?
Groote and Vries in [6] gave the complete answer to this question. In [4]
and [5], the following questions were answered: If f:X — X is a function,
when can we put a compact and Hausdorff topology on X that makes f
continuous (or upper semi-continuous)?. There were some answers to
similar questions with different topological properties on the set X; see for
example [1], [6] and [7].

In the present paper, we study the following questions: Can we define a
topology on X with respect to which f is an open map? Can we define a
topology on X with respect to which f is an open map and X is a T, space,
a T; space, a regular space or a normal space? The answer to most of these
questions was given in terms of the orbit structure of f.

2. Preliminaries

To state our theorems, we give some preliminary definitions. Throughout
this paper, by a non-discrete topology, we mean a topology that is neither
discrete nor trivial. A topological space is normal if every pair of disjoint
closed sets can be separated by disjoint open sets. A topological space is
regular if any closed set F and any point x not contained in F can be
separated by disjoint open sets.

Definition 2.1 [4] Let g:X — X be a map and let ~ be an equivalence
relation on X defined as:

x;~x, © Ank €N, g'(xy) = g*(x,).
The equivalence classes of the relation ~ are the orbits of g.
Definition 2.2 [4] Let f: X — X be a map and O be an orbit of the map f.

1) O is called an n-cycle, for some n € N, if there are distinct points
{Vo, «»Yn—1} in O such that f(yx) = yx+1, Where k is taken modulo n.

2) O is called a Z-orbit if there are distinct points {y,: k € Z} € O such that
fk) = Y41 forall k € Z.

3) O is called a N-orbit if there are distinct points {y,: k € N} € O such that
f(i) = yi41 forall k €N.

Observation 2.1 [4] O is an N -orbit if it is neither a Z-orbit nor an n -cycle.

Observation 2.2 [4] (1) The set S = {y,: k € L} which determines that O is
an n-cycle, a Z-orbit or an N-orbit of f is called a spine for 0, where L is
{0,...,n}, ZorN.
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(2) The set of all orbits of the map f is called the orbit structure of f.

Definition 2. 3 [4] Let O be an orbit of a map f: X — X. O is called a
simple orbit if f|O is injective, in other words, the orbit O contains only a
spine.

3. Open Self-Maps With One Simple Cycle

Lemma 3.1 Let X be a finite topological space and f: X — X be an open
bijection that has only one simple n-cycle, then X has a pairwise disjoint
basis {B;, By, ..., By}, Where
1) |B;| = |B;| = k forall i, j;
2) mlnand k|n;
3) k < |W| forany open set V.
Proof. Let U be a non-empty open subset of X with the property that |U| <
|W| for any open set W, so we have U, f(U), f?(U),..., f*1(U) are
open sets with |U| = | f(U)| = ... = |f" 1 (U)| = k and

Uu f()uU ..u i) =x
Obviously, any two sets in the collection {U, f(U), f2(U), ..., f*"1(U)} are
either disjoint or equal; because if not, we will have an open set V with
|V| < |U], which is a contradiction.

Let m be the smallest integer for which U, f(U), f2(U), ..., f™1(U) are
disjoint with Uu f(U)U f2(U) VU ..U f™1(U)=X. Clearly, since
Ul =|fW)| = ..=|f"YW)| =k and |X| = n, it follows immediately
that m|n and k|n.

Finally, we prove that the collection U, f(U), f2(U), ..., f™1(U) is a
basis for the topology of X. Suppose W is open and x € W, so x € fP(U)
for some 0 <p<m-—1. If fP(U) LW then W n fP(U) is open with
|W n fP(U)| < |U| which is a contradiction. Hence, x € fP(U) € W and
U, fU), f2U), ..., f™1(U) isa basis.

Corollary 3.1 If f: X — X isan open bijection having only one simple
q-cycle, where g is a prime number, then X is either the discrete space or the
indiscrete space.

4. Structure of Open Self - Mapson To and T1 Spaces

Let X be an arbitrary set and f:X — X be a map. In this section, we will
investigate the cases in which we can endow X with a topology such that f
isopen and X isa To or a Ty space. It is well-known that if X is finite T,
space, the topology on X is the discrete topology. Now, we state our result.

Theorem 4.1 Let f be a map from an arbitrary set X to itself.
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i) If X is an infinite set, then a non-discrete topology can always be defined
on X so that fisanopenmapand X isa T; space.

if) There is a non-discrete topology on X with respect to which f is an open
map and X isa T, space if and only if the orbit structure of f is not only
one simple n-cycle.

Proof. i) Let X be infinite and f:X — X be a map. We define a topology t
on X as the topology generated by the collection

S={f*X),f*X —{a}):a € X,k € N}

It is simple to check that the map f is open. Since T contains the co-finite
topology, X isa T space.

i) If X is infinite, the proof follows from case (i) since every T; space is
also Ty. If X is finite, we have two cases:

1) f has a non-simple cycle, so there is b € X such thatb & f(X). We
define the excluded point topology on X, where b is the excluded point; so f
isopenand X isa T, space.

2) f has more than one simple cycle. If all cycles are 1-cycles, choose a
pointa € X and let 7, be the particular point topology on X. Otherwise,
choose an n-cycle 0* with [n| > 1 and define T as the topology generated
by the collection

S={{y}uo:yeX,ye0}u{{b}:be07}
Clearly, f is open and X isa T, space.

Now, suppose that f:X — X is open with only one simple n-cycle, then
there is a basis {V;,V5, ..., V,,} that satisfies the conditions in Lemma 3.1. If
|V;| = 1, the topology is discrete and if |V;| > 1 then for any two distinct
points in V; there is no open set that contains one of these points and not the
other, so X isnota T, space.

5. Open Maps on Normal and Regular Spaces

In this section, the structure of open maps on regular and normal spaces
will be studied. If |X| < 2, there is no non-discrete topology that makes X a
regular space; while there is such a topology that makes X normal only
when f has two 1-cycles.

Before we state our theorem, recall that if all open sets in X are clopen,
then X is a regular and normal space.

Theorem 5.1 Let f: X — X be a surjective map and |X| > 2. There is
always a non-discrete topology on X with respect to which f is an open
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map and X is a regular and normal space except when f has only a simple
p-cycle, where p is prime.

Proof. From Corollary 3.1, if f has only a simple p-cycle, where p is prime,
then no topology makes f an open map.

Now we prove the existence of a topology that makes X a regular and
normal space and f an open map, we consider the following cases:

1) f is a bijection, so f has only simple orbits, we define the topology 7 on
X as follows:

i) If f has only one n-cycle 0 = {x,,...,x,_1}and nis not prime, letd <
n — 1 be the largest divisor of n and let E = {x,,,4: 0 < m < d}, where md
is taken modulo n. Let S = {E, f(E), ..., f*~1(E)} and define a topology on
X to be the topology generated by the sub-basis S. Since the collection S is
pairwise disjoint and n is not a prime number, this topology is a non-
discrete topology.

ii) If the map f has only a Z-orbit O, where 0 = {x;:i € Z}, let 7=
{¢r Xr {xZn}l {x2n+1} ‘ne Z}

i) If £ has more than one simple orbit, choose an orbit O and let t =
{¢$,X,0,0°}.

Obviously, since in each of the cases above, all open sets are clopen, the
space X is normal and regular. Also, it is simple to check that the map f
IS open.

2) f is not a bijection, choose an orbit of f with a spine S, let 7 be the
topology {¢, X,S,S¢}. It follows immediately that the map f is open and
the space X is normal and regular.

Corollary 5.1 Let f:X — X be any map on an arbitrary set X. There is
always a non-discrete topology on X so that fis open and X is normal
except when f has only asimple p-cycle, where p is prime.

Proof. If f is a surjection, the proof follows from Theorem 5.1. If f is not a
surjection, let T = {¢, f*(X):k € N}, so f is open and X is normal.

Finally, from Corollary 5.1 and Corollary 3.1, we have the following.

Theorem 5.2 Let f: X — X be any map, a non-discrete topology can be
defined on X such that f is an open map if and only if the orbit structure
of f is not only a simple g-cycle, where g isa prime number.
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6. Conclusion

The study has characterized the orbit structure of open self-maps on
topological spaces, To spaces, T1 spaces and normal space. The case of
surjective maps on regular spaces has been studied. Further studies and
more cases can be investigated. The case of injective open maps on regular
spaces can be studied. The case of a collection of self-maps on a
topological space might be studied.
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