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ABSTRACT

Ordinary differential equations with variable coefficients are, in general, difficult to solve,
specifically finding exact solutions to such type of equations. Thus, approximation
solutions are excellent alternatives to exact solutions. There are many types of
approximation methods that are available to applied mathematicians to apply. Among these
approximation methods are asymptotic methods which include Dominant Balance Method
(DBM). In this paper, we apply the Dominant Balance Method to solve 2" order variable
coefficients ordinary differential equations when Frobenius method fails, that happens
when we have irregular singular point. The method has been discussed in details and
applied to equations and the solutions obtained by the asymptotic method are represented
by the first few terms of asymptotic sequence. The reader has to be aware of the
perturbation theory and its symbols because they are keys to understand the steps of
application.

Keywords: Asymptotic solutions, approximation, dominant balance, irregular singular
point, second order differential equations.

1. INTRODUCTION
Asymptotic methods, as one type of theoretical methods, can provide results
that lead to obtaining effective numerical evaluation. Dominant Balance
Method (DBM) is one type of asymptotic methods and was explained and

used in many papers and books on mathematical methods [1-3].

A dominant balance is a subset of governing equation terms which locally
and statistically dominates the remaining equation terms by at least an order

of magnitude, so it is balancing as many terms as possible at leading order
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[3]. It is used to determine the asymptotic behavior of solutions to an
equation without fully solving it [4], and here you can find the exact
meaning of asymptotic [1]. The method is not new, it goes back to Newton.
This method (DBM) is applicable to any type of equations such as
polynomial algebraic equations and ordinary and partial differential
equations [3,4]. And it has many applications such as those mentioned in

these papers [5-8].

Our interest in this paper is in differential equations with variable
coefficients. You apply the (DBM) method once; make some informed
guesses about each term: which term is negligible and which term is a
controlling factor. Drop the negligible terms and solve the resulting simpler
ordinary differential equation. Check that the solution is consistent with the
guesses you made. If this is the case, then you have the controlling factor.
Otherwise, you need to drop different terms instead. Repeat the process to
higher orders. When repeating the process, you will use the first output you
obtained as an input in the next step. And the process should be repeated as
many as you need to obtain the desirable number of terms in the asymptotic
expansion (i.e. the asymptotic solution). Full explanation of the procedure

can be found here [3].

2. PRELIMINARIES
For the equation of the form

d*y dy
E"‘P(x)a‘l'qoc)y =0 (1

Which is variable coefficients 2" order differential equation; Frobenius

Method can be applied around the point (x = x;) to find its solution. If both

2
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p(x0), q(x,) were finite, then we call x = x, ordinary point of equation (1)
and we can find two independent particular solutions of equation (1) as
power series of the form y ~ Y>>y a,,(x — x¢)™ as x — x, [6],[9]. If either

lim p(x) = o or lim g(x) = oo or both of them, then we have a singular
X—Xg

X—Xg
point (x = x, singular point of equation (1)). Here we encounter one of two

cases:
Case 1: lim (x — xo)p(x) and lim (x — x,)%q(x) are both finite, then
X—>Xg X—>Xo

X = x, IS a regular singular point. Then, at least one particular solution of
equation (1) can be found as a power series of the form y ~(x —

x0) Y% s a,(x — xp)™ as x = x,, Ais constant.
Case 2: if either lim (x — xo)p(x) = o0 or lim (x — x,)%q(x) = o or
X—Xq X—=Xo

both of them, then we have irregular singular point and Frobenius Method
fails [2,9,12]. This is the case of concern to us in this paper.

If the point at infinity is an irregular singular point, the solution must be
represented by an asymptotic expansion. The expansions in these cases are
obtained using the Dominant Balance Method (DBM). Reference [10-12]
discussed this problem and applied asymptotic solution of the form:

y~eP®xy(x) - (), where u(x) can be expressed as a power series in

-m

x%,which need not be convergent, and A(x) is a polynomial in x = .
Letting AxY be the leading term in A(x) , substituted the above solution in
equation (1) and used the Dominant Balance Method to extract the dominant
part of each term, found the value of v . If v is an integer then solution (*)
is called a normal solution and has the form: y(x) =exp(A,x¥ +

A1V M+ x) x9 (1 + ax1+..). If v is not an integer, solution ()

.




Journal of Basic Sciences (JBS) Vol.(37) No.(1), June 2024

1
is called a subnormal solution and A is a polynomial in xz while u(x) is an
1
ascending series in x"z [10-12].

As we notice in the form of solution (*) there are 3 unknowns (4,v, g)
have to be found first then use them to find the coefficients of the series
u(x) using the recurrence relation obtained from substituting () into the
given ODE. These are clearly long calculations. In this paper we will
replace the form of solution (x) by the form y(x)~exp n=o @n(x)) = (*
*) where {@,(x)}n=o IS an asymptotic sequence as x — +oo . This clearly
requires fewer calculations than the form (x) . But first we need to remove
the term containing the first derivative in equation (1) in order to use the

Dominant Balance Method.

3. MATHEMATICAL FORMULATION

We have the variable coefficients 2" order differential equation

d*y dy

—SH+P@ T +ay=0 (D

And to apply the DBM, this equation has to be written in the form

2

Y —_
—+a@Y =0 @

Any equation of the form of equation (1) can be reduced to equation of the

form (2) via the change of dependent variable:

Y=yexp (%f p(x) dx) 3)

Indeed,
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Y=yexp (1fp(x) dx) - y=Yexp (—lfp(x) dx)

dy (dY 1
dx

T —p(x)Y) exp (—lj p(x)) dx

d2y d2y dy 1dp +1 2y ( lf ) d )
- —=——-p——=— ——
dxz \dxz Pax 2dx  TaP ' )P plx)ax

Substitute the first and second derivative in equation (1), we obtain

--—Y+ —p2Y+p———p Y

42y dy 1dp 1 vy 1
ax? Pax T 2dx dx 2

+ qY) exp (—lf p(x) dx) =0,

d? ldp 1 , 3
axZ (‘za‘zp +")Y—°'
d2y

o3 + G(x)Y =0, (4),

This is in the form of equation (2). Indeed, any equation of the form (1) can

be written in the form (4) via the change of variable (3).

2

Example 1: —+2 + -y =0, can be transformed into: %+
(—1 —x% 4+ l) Y = 0, using (3).

X

Cdy a1 o @
Example 2: 2.tz y=0can be transformed into: — +
3—x .
preen Y = 0, using (3).
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Change of variable

In most of the important equations with irregular singularities, these

singularities occur at x = . The behavior of analytic differential equations

at infinity is here defined as the behavior at s = i [4].

. 1 . . 1
Introduce the new variable: s = = which can be written as x = > and

differentiate to get: dx = —Siz ds . Then we can write % = —522—:. Then
2 2
we can find the second derivative of ¥ as: %= = s*2 4+ 253%  and
dx ds ds

equation (4) reads as:

d2Y+2dY+1 ~<1>y—o
dsz " sds 52 A5)T TV

which has the form of equation (1) with p(s) = % ,q(s) = S% q G) since

p(s) =, oo, then point s = 0 is a singular point. Hence, x = twis a
singular point of equation (4). To decide whether it is a regular or irregular
singular point, we need to check the limit of s2g(s), Ll_l}‘[(‘)l s2q(s) =
Li_r)réq G) = glci_r>ro10x2q (x) . Thus, if 9}1_)12 x2q (x) is finite then x = +w0 is a
regular singular point. If not, then it is irregular singular point as we have
seen before and Frobenius Method cannot be used to find solutions as x —
. Method of Dominant Balance (DBM) can be applied to find such

solutions.

4. APPLYING THE METHOD OF DOMINANT BALANCE

We will assume the particular solution of equation (2) can be written as :
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y()~ exp (Z <pn<x)> - (6)
n=0

Where {¢,(x)}5=, IS an asymptotic sequence as x — +oo . Substitute (6)

into (2) which gives

;—; [eXp( j_()(pn(x))] +q(x) exp (i <pn(x)> =0, ()
- n=0

First derivative

—[exp (B0 on ()] = Eio o’ (1) exp (Tizo Pu(x)),

Second derivative

dZ
dx?

[exp (28 @n ()] = |28 00" (1) + (25 00’ ()| exp(EF 01,
And equation (7) becomes

o (o)

n=0 n=0

2
@n" (x) + < @n’ (X)> +q(x) =0, (8)

= @5+ o + i+ +(90)* + (917 + (92) .. ..+ 20001 +

20003+ ..+ 20105 + - + q(x) =0, 9)

The terms of equation (9) are not all of the same order. Some are dominant

over others. Since

@1 =7°(¢o) as x— +oo

@1 =° (pg as x— +o
(p1)? = o (¢g)? as x— +o
Vo1 = ° (¢g)? as x - +ow




Journal of Basic Sciences (JBS) Vol.(37) No.(1), June 2024

Po 92 = ° (@ 91) as x - +oo, etc
Where f(x) =o g(x) if limx_)oo%’gz 0. For full explanation of this
notation see [1].

If we ignore all the terms dominated by ¢y and (¢g)? then equation (9)

reduces to

@y + (9p)* +q(x) =0, (10)

However, this may not be the dominant balance equation as ¢; may

dominate (¢g)? and otherwise.
If @¢ dominates (¢g)?, then the dominant balance is ¢y + q(x) = 0.

If (@g)? dominates ¢ , then the dominant balance is ( @)% + q(x) = 0.

If @5 =0((pp? (ie lim («ZO)Z = c), thenitis gy + (94)? + q(x) = 0.
0

In order to choose between these three cases, we integrate them one by one
and use the solutions to check the dominance conditions. As soon as the
dominance condition is satisfied, we confirm the dominant balance equation
and accept the solution for ¢,. Note that if q(x) = qo(x) + q;(x) +---+
qir(x), where g;,; =°(q;) as x — oothenonly g, is used in the three cases

above.

Next, remove all the terms (which appear in the equation of dominant
balance) from equation (9). Then substitute ¢, with the solution in all
remaining terms of equation (9) which include ¢,. The modified equation
(9) has the same structure as the original equation (9) but without ¢,. Then

we repeat the procedure and find the dominant balance which determines

[ 8
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@,and so on. Continue until the required number of gauge functions is

found.
Example 3

First we show that x = 4oo is an irregular singular point of the equation

¢’y 1 =0 11
dx? x7 an
q(x) = —i. That means x2q(x) = —x, which tend to o as x — +oo , S0

we have irregular singular point.

So the solution cannot be found using Frobenius series. Applying the

Dominant Balance Method, we put

y(x) ~ exp(Te_o @n (X)) Where @41 =0 (¢,) as x - +oo,

(i.e Qpe1 =0 (@) if limy_ o pr”*;) = 0). Substituting this solution into

equation (11) we obtain

) [ 2 1
(S ) e

n=0<pn n=0<pn X

Expanding to obtain
@0 + @1 + @3+ + (90)? + (D)% + (92)* + -+ + 20091 + 290065
1
tot 20100+ -2 =0, (12)
Guessing the Dominant Balance equation:
14 ! 1

Po: Po +(‘P0)2—;: 0,

Suppose that (¢g)? dominates ¢{ as x — +co, then the dominant

balance is
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1
(pp)? = =0, (13)

1

3
- (po)* =x"1 Thisgivesus @y =+x"2 > @) =+=x"z .Itisclear

N | =

that (¢g)? dominates @ , so we have the correct dominant balance. Solve

1

the dominant balance equation: ¢, = +x 2 and proceed to find ¢, =

1
+2x2 . We do not add integration constant here because this is a

particular solution.
Now remove terms of (13) from (12) and obtain the updated version of (12):
Qo + @1 + @7+ + (91)? + ()% + 0+ 20001 + 20095 + -
+ 2¢p1¢3+..= 0, (15)
Guessing the Dominant Balance equation:
@11 9o + @1 + 20001 =0,

Suppose that ¢ dominates @i as x - +o, so we have the dominant

balance equation

o + 20001 =0, (16)

1

1 3
We have ¢, = £2x2 — ¢, =+x2 - @7 = ¥- x 2, and the dominant

N |-

balance equation is

3 1
0o + 20501 =0 - ?%x_E +2x 21 =0 - @i =-x"1.

=

S —i x~2, which is subdominant compared to ¢; . So we have the

1
correct dominant balance and proceed to find ¢, = iln(x) = In(x4).
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Now remove terms of (16) from (15) and obtain the updated version of (15),
which is
@1+ @7 + o+ (01 + (92) + - + 20003 + - + 20195 +.. = 0,(17)

Guessing the Dominant Balance equation:

Q2 o + oy +(91)* + 20405 =0,  (18)

Since @i o x72, (@})? o x72,then both ¢} and (¢})? must be kept as

new deriving terms in the new dominant balance equation.

1
But ¢ +(¢))? = —=x2+—x"2=—=x72 and 2¢f = +2x "z and

equation (18) becomes

3 1
—Ex‘z + @) +2x7 2 ¢, =0, (19)

1
Assume that ¢ is subdominant compared to +2x "2 ¢3. Then the dominant

balance equation is

3 _, ER , 3
“16% T2x 2¢,=0 - (P2=i§

X

N w

5 1
We see that ¢ o< x7z , and x "z ¢, o< x~2 , hence our assumption is correct

and we have the correct dominant balance equation. Solve it to obtain

1

(p2:+Ex 2,

We have found two linearly independent asymptotic particular solutions

1

Y+~ €Xp [(Po t @1t @z to (x"E)]

= expl 227 +In(x3) T 2x77 4o (x77)]
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1 i 3 _1 _1
= x4+ exp[+ (sz ——x 2> +o (x 2)]

And the general solution of equation (11) can be written as asymptotic

series with the first two terms in them are

y =4y, +By_

16

o (x‘§)>. (20)

We can apply this methods to many other 2" order ODEs with variable

1 i 3 1 i 3 1
=x4[Aexp(2x2 ——X 2)+Bexp<—2x2 +Rx 2)] 1+

coefficients when x = +oo is an irregular singular point.

Example 4

D 1+ s)y=0, @
dx? x2)Y = (21)

We see that q(x) =1+ xiz that means x2q(x) = x? + 1, which - o as

x — oo, S0 we have irregular singular point.

So the solution cannot be found using Frobenius series. Applying the
Dominant Balance Method, we write the solution y(x) as the last example

y(x) ~ exp(Tpeo @n (x)),  Where @4 =o(¢,)asx - +oo,  which

means that @1 = (@,) if lim, e E”(;")l) = 0. Substituting this solution
n

[ 12
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into the given equation, and following the same procedure as the previous

example we obtain the asymptotic general solution of equation (21)
y=Ay, +By_,

= e_ﬁ (A sin (x — i) + B cos (x — i)) (1 + o(x"z)) as x — +oo.

2x 2x

5. CONCLUSION
In this paper, we applied the dominant balance method to solve ordinary
differential equations of the second order with variable coefficients when
Frobenius method fails to give solution in the form of power series. The
solution obtained using the dominant balance is asymptotic, which means it
is represented by the first few terms of asymptotic sequence and you can
apply the method as many as you need to obtain the desired numbers of
terms. This method belong to Perturbation theory, which is a very important
theory in solving problems in applied mathematics when we are unable to

find exact solutions to our equations.
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